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My a i m  w i l l  be threefold: 1) for each s t a g e  of s t e l l a r  

e v o l u t i o n ,  I w i l l  display the fonnula for  t h e  energy gene ra t ion  

rate*; 2 )  I w i l l  d i s c u s s  the u n c e r t a i n t i e s  a t t a c h e d  t o  each  

formula - u n c e r t a i n t i e s  i s s u i n g  both f r o m  t h e  n u c l e a r  phys ics  

a s p e c t s  of the problem and from possible v a r i a t i o n s  i n  the 

chemical composition of t h e  r e a c t i n g  material; 3) I w i l l  t r y  to  

e v a l u a t e  the  size of t h e  errors in t roduced  i n  t h e  a n a l y s i s  of 

s te l la r  e v o l u t i o n  when s o m e  m i n o r  n u c l e a r  r e a c t i o n s  are 

i ieglected.  ( In  other w o r d s ,  I sha l l  t r y  t o  f i n d  when these 

r e a c t i o n s  can and cannot be neglected.)  Because nuc lea r  

r e a c t i o n s  produce new elements  which may themselves b e c o m e  f u e l  

a t  higher  tempera ture ,  I sha l l  cons ide r  s o m e  aspects of nucleo- 

s y n t h e s i s .  

The basic equa t ion  desc r ib ing  the processes of energy 

gene ra t ion  and d i s s i p a t i o n  is 
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*Much of the  mater ia l  presented he re  i s  d i scussed  i n  Reeves(l964) 
w h e r e  r e f e rences  are given. Only new material  i s  g iven  i n  any 
de ta i l .  
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This  equat ion  shows t h a t  t h e  photon luminos i ty  (per u n i t  gram),  

dL /dM , can be c r e a t e d  by n u c l e a r  energy p rocesses  

doing work on t h e  gas  or by dec reas ing  i t s  i n t e r n a l  energy u. 

eN, by r r  

The term e,, expres ses  t h e  ra te  of energy  d i s s i p a t i o n  by n e u t r i n o s .  

It may be worth mentioning t h a t  t h i s  formula i m p l i e s  t h e  f o u r  

b a s i c  i n t e r a c t i o n s  of modern phys ics :  e l ec t romagne t i c ,  n u c l e a r ,  

weak (neu t r ino  e m i t t i n g ) ,  and g r a v i t a t i o n a l .  I n  t h i s  t a l k  I 

w i l l  cons ide r  on ly  t h e  n u c l e a r  and weak- in te rac t ion  a s p e c t  o f  

s t e l l a r  energy gene ra t ion .  

I n  equat ion  (1) I have grouped t o g e t h e r  the terms eN and 

T h i s  way (eN - c,,) becomes a k ind  of " e f f e c t i v e "  n u c l e a r  

energy r a t e  and can be t r e a t e d  as  such along t h e  l i n e s  of 

prev ious  a n a l y s i s  o f  s t e l l a r  i n t e r i o r s  (e.g. ,  Schwarzschild,  1957) .  

T h i s  term may become l o c a l l y  nega t ive  i n  a given s t a r .  

During a nuc lea r  burning s t a g e  t h i s  term must be mostly p o s i t i v e ,  

o r ,  more e x a c t l y  

a s  w e  cannot otherwise expec t  the  g r a v i t a t i o n a l  energy term t o  

vanish ,  hence the  c o n t r a c t i o n  t o  s t o p .  

I n  cases  where (eN - e,,) a c t u a l l y  does become nega t ive  the 
\ 

luminosi ty  w i l l  assume the fol lowing shape 
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I n  t h e  zone A + B photons are e f f e c t i v e l y  3einq converted i n t o  

neu t r inos .  

To determine t h e  presence of such zones it i s  m o s t  u se fu l  

t o  w o r k  w i th  t w o  parameters 

n = dCn € / d t n  T, (3)  

n is  c a l l e d  t h e  temperature exponent and m t h e  d e n s i t y  exponent. 

where To and po are chosen i n  t h e  range of i n t e r e s -  fo r  a given 

model. I n  t h i s  work I w i l l  quote t h e  va lues  of n and m fo r  

t h e  va r ious  processes  involved. 

The Sehaviour of t h e  l a t e  s t a g e s  of s te l lar  evo lu t ion  i s  

u l t ima te ly  related wi th  t h e  p o s s i b i l i t y  (or i m p o s s i b i l i t y )  of 

- 3 -  



c r e a t i n g  neut r inos  i n  process  involving a d i r e c t  coupl ing 

between e l e c t r o n s  and n e u t r i n o s ,  e .g . ,  i n  processes  l ike  

e + y + e- + 7 o r  e+ + e- + v + V . The p h y s i c i s t s  a t  

CERN a r e  now (1963) performing an experiment which may show 

t h e  ex i s t ence  of t h e  W p a r t i c l e :  a charged v e c t o r  boson 

expected t o  mediate t h e  weak i n t e r a c t i o n s .  (I use  t h e  terms 

"may show" a s  some e x p e r t s  i n  t he  f i e l d  have emphasized t h e  

d i f f i c u l t y  of  drawing any d e f i n i t e  conclus ions  from s u c h  in -  

volved and complicated experiments . )  The e x i s t e n c e  of the W- 

would m o s t  l i k e l y  imply the r e a l i t y  of t h e s e  neu t r ino  processes .  

As of today however t h e  s u b j e c t  i s  s t i l l  u n s e t t l e d .  

- 

The presence (o r  t h e  absence) of t h i s  e x t r a  mode of energy 

d i s s i p a t i o n  would a l t e r  cons iderably  t h e  t i m e  s c a l e s  a s s o c i a t e d  

w i t h  t he  l a t e  s t a g e s  of s t e l l a r  evo lu t ion .  T ime  s c a l e s  may be 

eva lua ted  ( e . g . ,  from s t a r  c o u n t s  i n  var ious  reg ions  of t h e  

H.R. diagram). Hence obse rva t iona l  r e s u l t s  may even tua l ly  be 

used as c r i t i c a l  tests for (or a g a i n s t )  t h e  r e a l i t y  of t h e  

n e u t r i n o  processes under  cons ide ra t ion .  

I n  the p re sen t  t e x t ,  following t h e  more o r  less gene ra l  

consensus of opin ion ,  we  s h a l l  assume t h e  e x i s t e n c e  of these 

processes .  Occasionally however w e  s h a l l  quote  r e s u l t s  which 

w e r e  computed w i t h o u t  them, and d i scuss  the  difference.  

- 4 -  
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Three types  of n e u t r i n o  producing mechanisms are expected 

t o  be important  dur ing  t h e  course of s t e l l a r  evolu t ion :  plasma 

neu t r inos ,  photoneutr inos and p a i r - a n n i h i l a t i o n  neutr inos*.  

T h e i r  respective domains a r e  mapped i n  F igure  (1) t o g e t h e r  

- w i L i i  -- 1 2 -  the profile of i so - in t ens i ty .  W e  s h a i i  d i s c u s s  each of 

t h e m  i n  t u r n  later. 

The effect of these processes ,  t o g e t h e r  w i t h  t h e  re- 

quirement stated i n  eqn. (2) s e e m s  t o  l i m i t  t o  f o u r  the  

maximum number of stellar nuclear-burning s t a g e s  : hydrogen, 

helium, carbon, and oxygen burning. The t i m e  scale for  neon 

p h o t o d i s i n t e g r a t i o n  is so s h o r t  t h a t  t he  energy genera ted  w i l l  

a t  best slow down t h e  con t r ac t ion .  (Nuclear r e a c t i o n s  

p o s t e r i o r  t o  the fus ion  of oxygen w i l l  never  be l a r g e  enough 

t o  balance the tremendous output  of neu t r inos .  

- 5 -  

*Sakashi ta  and Nishida ( t o  be publ i shed)  have c a l l e d  a t t e n t i o n  
t o  another  process:  neu t r ino  p a i r  emission f r o m  e x c i t e d  n u c l e i .  
However i t s  emission r a t e  does in no cond i t ion  appear  t o  become 
as h igh  as t h e  sum of the r a t e s  of the t h r e e  processes  men- 
t i oned  here .  



Through the  w o r k  of Hayashi (1962) and S a l p e t e r  ( to  be 

publ ished)  w e  have l ea rned  t h a t  a l l  s t a r s  w i l l  n o t  pass through 

t h e  f o u r  s t a g e s .  Stars  w i t h  masses smaller than  about  t h e  

Chandrasekhar l i m i t  (when due c o r r e c t i o n s  are a p p l i e d )  w i l l  

g i v e  up somewhere along t h e  p a t h  t o  become dwarfs .  The 

l i m i t i n g  lower masses are about  0.1, 0.5 and 0.7 Mo t o  q u a l i f y  

for  Hydrogen, H e l i u m  and Carbon burning s t a g e s  r e s p e c t i v e l y .  

HYDROGEN-BURNING-REACTIONS 

H e r e  we cons ide r  a number of r e a c t i o n s  competent i n  

burn ing  four pro tons  i n t o  one H e l i u m 4  nucleus:  y i e l d i n g  6.68 

MeV p e r  nucleon (1 MeV/nucleon 2: lo1* erg/gm). The n e u t r i n o  

term c v  of e q n . ( l )  i s ,  a t  best a f e w  pe rcen t  of CN, SO t h a t  

- e V )  never  becomes negat ive .  (EN 
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Proton-Proton C y c l e  

The energy genera t ion  r a t e  is given by 

H e r e  €(X4 = 0) is  t h e  rate of energy product ion i f  t h e  core is  

devoid of Helium4, (X4 - - 0). 

mass abundance of an i so tope  of m a s s  number i). I then 

r e p r e s e n t  t h e  e f f e c t  o f  r e a c t i o n s  induced by t h e  He4 n u c l e i  

themselves .  

(Xi w i l l  always be t h e  f r a c t i o n a l  

PP 

Numerically we have 

(X4 = 0) = (2 .06  - + 0.2)  x 10 16 * l , l  g1 ,1  PXI" 

- 1/3) T-2/3 
6 

exp (- 33.810 T6 

T6  = T in millions degrees 0 K. 

is t h e  e l e c t r o n  screening  f a c t o r .  For s t a r s  1.1 
The factor f 

= [1 + 0.25 1,1 
w i t h  M > 0.6 Mo a very good approximation i s  f 

P 'I2 IT6 3/2]. For s m a l l e r  s t a r s  m o r e  involved formalism m u s t  

be used, 

The f a c t o r  gl ,  i s  another  c o r r e c t i o n  term whose value 

is-close t o  uni ty .  It grows f r o m  t h e  va lue  1.02 a t  T = 1, t o  

1 - 0 9  a t  T6 = 15, t o  1.19 a t  T6 = 50. 

be w r i t t e n  down as 

6 

The f a c t o r  Y ( a , W )  can PP 

(a'w) = { l+y c0.96 - 0.49(W/1 + W ) ]  1 
IPI P 
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W e  have 1 < Y p , p  < 2: for Tg > 30, y N 1.46. 
PIP - 

The express ion  for  y is  

y = C ( 1  + 2/a) - 13 a . 

The va lue  of y grows from zero t o  one as t h e  tempera ture  in -  

creases. 

has the form 

Then a, t h e  term d i r e c t l y  dependent on He4 abundance, 

2 1/3) a = 5.48 x (X4/4X1) exp(-  100 T6 

and f i n a l l y ,  

1 -1 
W = 1.22 x (1 + p1/2/T63/2) T i l l 6  (1 + -1 

x1 

' 4  

exP(- 102.6 T 6 4 / 3 )  

The d e n s i t y  exponent m = 1, and the  tempera ture  exponent are 

given w i t h  q u i t e  good accuracy by n = (11.3/T6 - 2/31. A t  1/3 

T6 = 15,  n = 4 whi l e  a t  T6 = 30, n - - 3. 

e l e c t r o n  screening  becomes impor tan t  ( s m a l l  masses) the expo- 

n e n t s  c a n  be a l t e r e d  t o  an appreciable e x t e n t  and t h e  above 

formula is no longe r  v a l i d .  

I n  cases where t h e  

The governing r e a c t i o n  i n  t he  proton-proton c y c l e  i s  the  

r e a c t i o n  H'  + H' + D + e+ + v. 

of as  going i n t o  t w o  s t e p s :  a )  formation of an  e x c i t e d  

T h i s  r e a c t i o n  can be thought  

- 8 -  



L 

I d i p r o t o n ;  b) beta decay of t h e  d i p r o t o n  i n t o  a deuteron.  The 

main u n c e r t a i n t i e s  c o m e  f r o m  the  second p a r t ,  as bo th  t h e  beta 

decay coupl ing c o n s t a n t  and t h e  matrix element  for the t r a n s i -  

t i o n  are s t i l l  s l i g h t l y  i n  doubt. The u n c e r t a i n t y  or the ra te  

is  about  100% 

~ 

I ’  
1 -  

W e  m u s t  nuw c o n s i d e r  a complex of minor r e a c t i o n s  which 

are involved i n  t h e  proton-proton c y c l e .  F i r s t  there i s  the  

H e 3  + H e 3 .  Our e s t i m a t e  is  based f r o m  an experiment done a t  

O a k  Ridge i n  1954. The people involved  have as s igned  a 50% 

accuracy  t o  t h e i r  r e s u l t s .  However t h e  people a t  the C a l i f -  

o r n i a  I n s t i t u t e  of Technology have t h e i r  doubts about  t h a t .  

i 

They p l a n  t o  redo the  experiments.  F o r t u n a t e l y  because of t h e  

form i n  w h i c h  t h i s  cross s e c t i o n  c o m e s  i n  the  f o r m a l i s m  of the  

energy  gene ra t ion ,  even a l a r g e  change would n o t  a l t e r  t h e  

t o t a l  ra te  t o  an appreciable e x t e n t .  I n  the absence of a 

better estimate I w i l l  use t h e  Oak R i d g e  va lue  and u n c e r t a i n t y .  

The rate of H e  + H e  , through a r e c e n t  experiment of 3 4 

Parker and Kavanagh (1963) is known t o  15%. And t h e  ra te  of 

the Be7 + p experiment  is known to  about  50%. These are t h e  

main u n c e r t a i n t i e s  t o  worry about i n  t h e  proton-proton cyc le .  

These effects on the t o t a l  ra te  are rougly  as follows: 

For 1 < Tr < 10 on ly  the  p + p r e a c t i o n  mat ters  (2: 10%). 

t h e  r eg ion  f r o m  10 < T < 2 0  and nost s e n s i t i v e l y  around 

In 
0 

6 

- 9  - 
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14 t h e  + He3 and He 3 + H e  4 b r i n g  i n  an extra 
- 4  T6 - 

source  of u n c e r t a i n t y .  The term a is known to  about  60%. The 

term y i s  r e l a t i v e l y  i n s e n s i t i v e  t o  a: 
d l  e i n  t h e  worst case 

Ay/y .20 ( a t  a 3 ) .  I n  t h i s  r eg ion  W << 1 so t h a t  

N 1 + y is known t o  better t h a n  100/0. Hence i n  the range *P,P - 
10 < T6 < 20 t h e  rate i s  known t o  better t h a n  15%. 

I n  the nex t  r eg ion  20 < T6 < 30, we have t o  c o n s i d e r  the 

The expres s ion  W i n  eqn. (11) effect  of the Be7 + p r e a c t i o n .  

i s  known to about 50%. Its i n f l u e n c e  is m o s t  s e n s i t i v e l y  f e l t  

around Wf: 1 (T6 2: 24). 

about 4% (the e f f e c t  of a i s  n i l  i n  t h a t  r eg ion ) .  Here a g a i n  

It b r i n g s  on Y and u n c e r t a i n t y  of 
PP 

the rate is known t o  better than  15%. 

As you move toward h i g h e r  tempera tures  Y becomes 
PP 

c o n s t a n t ,  and on ly  the  p + p u n c e r t a i n t y  matters. 

E r r o r s  i n  the e v a l u a t i o n  of the chemical composition a lso 

i, 

i n f luence  o u r  knowledge of the rates. The proton-proton 

r e a c t i o n  is p r o p o r t i o n a l  t o  X1 

also i n d i r e c t l y  r e l a t e d  t o  ,X4 (the helium composition) through t 

t h e  term a i n  eqn. (9 ) .  

you never change Ypp by more t h a n  10%. 

2 
(the hydrogen composition) b u t  i s  

If you change X4 by a factor  of t w o  

Carbon Nitroqen-Oxvqen Cvcle 

Here t h e  energy g e n e r a t i o n  formula is  

- 10 - 
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f14,1 ’14,l px14x1 T6 = (7.9 t 0 . 8 )  CNO 

8 

exp(- 152.31 T6 -1’3) erg/gm/sec. 

w i t h  f 

-4T6*l3) ] , x14 

= [l + 1.75 P ~ ’ ~ / T  3/2 1, . g14,1 = [I + I c I -~ (~T ,  1/3 
1 4 , l  6 

is t h e  f r a c t i o n a l  m a s s  abundance of N14. 

The d e n s i t y  exponent remains small (m = 1) w h i l e  t h e  

- 2/3) becomes l a r g e r  t h a n  
1/3 

tempera ture  exponent (n - - 50.8/T6 
t e n  i n  a l l  cases of i n t e r e s t  (for the sun n 19 .5) .  For s tars  

w h i c h  draw m o s t  of t h e i r  energy f r o m  t h i s  c y c l e  such a h igh  

exponent drives t h e  core i n t o  a convec t ive  s t a t e  of energy 

t r a n s p o r t .  Such stars have c e n t r a l  t empera tures  T > 18. 

(For t h e  sun T6 = 16 and t h e  energy c o n t r i b u t i o n  of t h i s  c y c l e  

i s  on ly  3%.) 

6 

A t  temperatures  T > 1 6  t h e  c y c l e  e s s e n t i a l l y  t ransforms 6 
14 

a l l  t h e  isotopes of carbon and n i t r o g e n  i n t o  N . Hence t h e  

term X14 i n  eqn. (12) is ve ry  c l o s e l y  e q u a l  t o  t h e  i n i t i a l  

abundance of t h e s e  isotopes (Caughlan and Fowler, 1963) .  The 

s a m e  a u t h o r s  also show t h a t  a t  h i g h e r  temperature  t h e  minor 

r e a c t i o n s  

throw i n  t h e  game t h e  0l6 isotopes, t he reby  i n c r e a s i n g  corres- 

0l6 (p, y )  F 1 7  (e + v) 017,  017 ( p , a )  N14 w i l l  e f f e c t i v e l y  

Large u n c e r t a i n t i e s  i n  t h e  
14 . pondingly t h e  va lue  of X 

O 1 7 ( p , a )  N14 ra te  make it d i f f i c u l t  t o  e v a l u a t e  w i t h  precision 

t h e  o n s e t  of t h e  t r a n s i t i o n ,  

- 11 - 
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As one  approaches t h e  ve ry  end of hydrogen-burning, a 

l a r g e  number of minor r e a c t i o n s  have t o  be t aken  i n t o  account .  

They have been cons idered  by Pa rke r  e t  a1 (1964). Although 

t h e i r  e n e r g e t i c  c o n t r i b u t i o n  is  u s u a l l y  ve ry  sma l l ,  it may 

become c r u c i a l  i n  s h o r t  periods. G r e a t  care must be taken  i n  

handl ing t h e s e  ends of s t a g e s .  

A f t e r  t h e  exhaus t ion  of hydrogen i n  t h e  core, t h e  n u c l e a r  

burn ing  of hydrogen takes p lace  i n  a s h e l l  surrounding t h e  

core. The d e n s i t i e s  and tempera ture  r e l e v a n t  t o  hydrogen 

burning both  i n  the core and i n  t h e  shell  are p i c t u r e d  i n  

Fig.  (2) (from Hayashi ' s  work). The periods s p e n t  i n  each  

reg ion  of the graph are marked on t h e  curves .  Such graphs  

se rve  as a b a s i s  t o  t h e  s tudy  of nuc leosyn thes i s  of minor 

products  i n  stars. 

W e  note  t h a t  i n  a s ta r  of med ium m a s s  (4 Mol, hydrogen 

burn ing  i n  t h e  core and i n  t h e  s h e l l  takes place a t  very 

s i m i l a r  values  of p and T. I n  b i g g e r  s tars  t h e  s h e l l  burns  

a t  a q u i t e  l a r g e r  temperature  and s l i g h t l y  l a r g e r  d e n s i t y .  

Condi t ions i n  t h e  c o n t r a c t i n g  core are i n t e r e s t i n g  for a 

s tudy  of t h e  pre-helium-burning s t a g e .  

The nuc leosyn the t i c  effect of the hydrogen burning s t a g e  

is t h e  t ransformat ion  of H, He, L i ,  Be, B i n t o  He4 and t h e  

t ransformat ion  of C N 0 F (and maybe N e )  i n  most ly  N14(-95%) 

I , '  
r. 

Y 
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b u t  a lso C 1 2  (-4%) and C 1 3  (-1%). 

H-burning t h e s e  ra t ios  are not ve ry  much temperature  dependent 

(Caughlan and Fowler 1963) and are c h a r a c t e r i z e d  by t h e  

e q u a l i t i e s  

I n  fac t  a t  t h e  end of 

- - - 
n12P12 , 1 - n13P13,1 - n14p14,1 - n15p15,1 

is t h e  p r o b a b i l i t y  of t h e  r e a c t i o n  C12(p,y)N131 1 2 , l  where P 

and n12 is  t h e  number of C 1 2  pe r  u n i t  volume. These e q u a l i t i e s  

w i l l  be of importance t o  us l a t e r .  I n  Pop I1 stars t h e  

f r a c t i o n a l  m a s s  of N14 c r e a t e d  t h i s  way is  - 
is  - 10-2 i n  POP I stars. 

whi le  it 

HELIUM- BURNING- REACTIONS 

Q = 2,215 MeV. c13 Substaqe.  c 1 3 ( a , n ) 0  , 

During t h e  c o n t r a c t i o n  phase t h e  temperature  becomes h igh  

16 

enough for  t h e  reaction C13 (a, 

i s  approximately g iven  by (Caughlan and Fowler, 1964) 

t o  take place. The rate 

- 1/3 
l o g  (P13,4 / = 17.1 - 2/3 log  T8 - 30.2 T8 

(13 j 
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The r a t e  i s  p l o t t e d  i n  F ig .  ( 3 )  (without  e l e c t r o n  sc reen ing ,  - a. 
an important  factor i n  s m a l l  s tars).  The concen t r a t ion  of I 

C I 3  v a r i e s  f r o m  X13 2: 10’’ (Pop 11) t o  

energy released i n  t h e  e n t i r e  f u s i o n  of C 1 3  i s  1 7 1  X13 KeV 

p e r  nucleon i n  t h e  gas .  Even i n  a Pop. I s t a r  and even i f  

the core material i s  h igh ly  degenerated (so t h a t  t he  n u c l e a r  

energy release w i l l  h e a t  t h e  core i n s t e a d  of expanding it) 

the  rise i n  temperature  w o u l d  be less than  one m i l l i o n  degrees .  

Consequently t h i s  r e a c t i o n  s e e m s  to  have r a t h e r  l i t t l e  in -  

f l uence  o n  t h e  course  of s t e l l a r  e v o l u t i o n .  

(Pop I ) .  The 

Alan Liebman has used  a sequence of models by Schwarzs- 

c h i l d  (1962) t o  i n v e s t i g a t e  t h e  o n s e t  and importance of t h i s  

r e a c t i o n  (and of o t h e r s  t o  be desc r ibed  s h o r t l y )  i n  a Pop.11 

s t a r  o f  1 . 3  Mo o n  i t s  way t o  t h e  helium burning phase.  I n  

F i g . ( 4 )  t h e  e n e r g e t i c  evo lu t ion  of t h i s  s t a r  is  described. 

L/M is  the  o v e r a l l  energy gene ra t ion  ra te  w h i l e  Lcore/Mcore 

f o l l o w s  t h e  c o n t r a c t i n g  helium core i t se l f  (here m o s t  of the 

energy comes f r o m  hydrogen burning i n  a s h e l l ) .  I n  t h e  model 

C I 3  (and N 1 4 )  burning a r e  neglec ted .  From the  graph it i s  

= 10-4) t’ 
13 clear t h a t  even the  l a r g e s t  reasonable  amount of C 

cannot  play a s i g n i f i c a n t  role. 
1 
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Q = 4.404 MeV, F18(B+,v)018,Q = 1.677 MeV. 
14 14 18 

N Substaqe,  N ( a , y ) F  , 

L a t e r  i n  t h e  c o n t r a c t i o n  phase d4 becomes combustible. 

New d a t a  on t h i s  rate a r e  analyzed i n  Appendix A3. I n  t h e  

range 0.4 < T < 1.7 t h e  rate is  given by 8 

P - -  - 3 . 8  - 12.45 / T8 - 3/2 log T8 (16) l og lo  1 4 , 4  ' PX4f14,4 

= 17.7 + log P 
1 4 , 4  x14 1 4 , 4  

log 8 

n = 1 n = [28.7/T - 1,5](unscreened)  
8 

As t h i s  r e a c t i o n  w i l l  t u rn  o u t  t o  be important  i n  s m a l l  

s t a rs  (high d e n s i t i e s  and l o w  temperatures)  t h e  e l e c t r o n  

screening  f a c t o r  ( f  

m e e t  t h e  cond i t ions  o f  s t rong  screening  (Sa lpe te r  1954) - 
) w i l l  be l a r g e .  I n  many cases  one  w i l l  1 4 , 4  

The energy r e l eased  by the  f u s i o n  of N i s  434 X keV 
14 14 

per nucleon i n  t h e  gas .  I n  a Pop-I s t a r  (X - lo'*), wi th  

degenerate  core, t h i s  could correspond to  a rise of s e v e r a l  

t e n s  of m i l l i o n s  of degrees .  I n  Fig.  (4) t h e  effect  i s  p l o t t e d  

i n  t h e  sequence of  models of D r ,  Schwarzschild (1962) (assuming 

na ive ly  t h a t  t h i s  e x t r a  source o f  energy does n o t  r e a c t  on t h e  

core). C l e a r l y  t h i s  reaction could t r i g g e r  t h e  helium f l a s h  

( the  l i f t i n g  of degeneracy) .  I n  smaller stars it could even 

achieve t h e  e n t i r e  f l a s h  by itself. The f l a s h  would b e s t  be 

14 - 
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called the  ni t rogen-hel ium f l a s h .  

Hayashi has shown t h a t  stars w i t h  M < 0.53 M (Pop. 11) 
0 

o r  M < 0.42 Ma (Pop. I) cannot  lift their  tempera tures  h igh  

enough t o  a l l o w  t h e  occurence of t h e  3He4 -, C I 2  r e a c t i o n ,  

hence t o  q u a l i f y  fo r  t h e  helium burn ing  s t a g e .  The  effect  

of the  N14 (He4, y)F1* r e a c t i o n  (neglec ted  by Hayashi) should 

lower these l i m i t s ,  e s p e c i a l l y  i n  the case of Pop. I s ta rs .  

T h i s  w i l l  i n c r e a s e  the d i f f e r e n t i a l  m a s s  range of w h i t e  dwarfs 

of both populat ions.  

P lasma Neutrinos 

Around T = 

s te l la r  in t e r io r  
8 

1 t h e  emission of n e u t r i n o s  by the  plasma i n  

becomes important .  De ta i l ed  c a l c u l a t i o n s  

have been  made by Inman and Ruderman (1964). The r e s u l t s  are 

shown i n  Fig.  ( 5 ) .  

One important  parameter  i s  t h e  r a t i o  ( c p )  of the  plasma 

frequency wo t o  the  thermal energy 

H e r e  pe i s  t h e  mean number of nucleon per e l e c t r o n  (pe 2: 2 ) .  

The l i n e  CP = 1 is p l o t t e d  i n  F i g . ( l ) .  I n  the r eg ion  cp > 1 

the  d e n s i t y  and temperature  exponents are g iven  by 
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The temperature  exponent is always much sma l l e r  than t h e  

exponents  a s s o c i a t e d  w i t h  nuc lear  r e a c t i o n s .  

I n  Fig.  (1) t h e  plasma neut r inos  a r e  seen t o  be m o s t  

i n t e n s e  around Cp 2: 5.5 (summit of the r i d g e ) .  I n  F ig ,  (4) t h e  

energy d i s s i p a t i o n  L by pliisna neu t r inos  iri the carre o f  a 

1 .3  M s t a r  during t h e  pre-helium phase is p l o t t e d .  

V 

0 

During m o s t  of the  con t r ac t ion  phase L i s  about  t e n  

t i m e s  sma l l e r  than  the  g r a v i t a t i o n a l  energy genera t ion  of the  

c o n t r a c t i n g  c o r e ,  b u t  it reaches about one t h i r d  of t h i s  value 

a t  the  end of the  con t r ac t ion ,  a f te r  the n i t rogen  f lash.  It  

s e e m s  t h a t  the n i t rogen  f l a s h  c o m e s  j u s t  i n  t i m e  t o  prevent  

t h i s  process  f r o m  inf luenc ing  apprec iab ly  the  course of the  

evo lu t ion .  

V 

4 1 2  
H e l i u m  Burninq Staqe. (He --. C ) 

Around T = 1 the reac t ion  3He4 -, C1* becomes an important  
8 

source  of energy. The r a t e  can be computed by methods of 

s t a t i s t i c a l  mechanics o r  by ord inary  r e a c t i o n  r a t e  theory.  

The second way s e e m s  t o  g i v e  a rate t w i c e  as s m a l l  a s  t he  

f irst  one, if one overlooks the f a c t  t ha t  t h e  Bre i t -Wigner  

cross s e c t i o n  formula for i d e n t i c a l  p a r t i c l e s  ( i n  allowed 

s t a t e s )  i s  t w i c e  as l a r g e  as fo r  non- ident ica l  p a r t i c l e s  ( t h e  

2 2 
geometr ica l  factor i s  2Tix in s t ead  of TL+ ) .  When t h i s  is  taken 

- 17 - 
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4 

into accoun t  t h e  results agree 

1 2- 
where n is the number of excited C nuclei in a 

Q above the mass of 3He4, and Aa = h/(2vM kT) . 
12 * 

i/ 2 
a 

The properties of the second excited leve l  in 

(20) 

state at an energy 

C1' have been 

reanalysed by the Brookhaven and the Cal. Tech. groups. 

an 0 with I' 

resonantly through this level in the range 0.80 < T8 < 6 .  

The level is 

The reaction goes -+ + = 2.4 - + 1.5 meV, and Q = 372 - 4 keV . 
Y 

12 The rate of creation of C 

and the rate of energy generation is 

v 
* 

(22) ] -3 log T - 18.9 T-l log 3a4 c = [11.52 2 0.25]+ log[fga+c P x4 8 8 

The uncertainty on the rate comes partly from 

The exponent m = 2 while n (unscreened) is given by: 

n = 3 + 44.5/T8, a very high value indeed. 

T' and from Q. 
Y 

/ 

The energy generation rate during helium baaxning also depends 

on the subsequent reaction C12 (a, y ) 0 l 6 ,  This i s  still a weak 

point in our theory a s  its rate i s  poorly known. It can be written as - 

- 18 - 
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4 The parameter 8 

7. 112 MeV level in 0 

0 

experiments but so far it has not been. 

i t s  possible value in t e rms  of alpha particle models (6' e 1) o r  collect- 

ive rnodels(f12 -9.78 o r  possibly 0.024)- At the present time it seems a -  

sa fe r  to use an intermediate value such as 8 

to u s e  an "average value" but to minimize the possible damage made on 

fur ther  the0 retical development by an eventual experimental determination 

of this quantity. 

represents the fraction of the Ci2 + He state in the a 
16 . Nothing is known about i t s  value except that 

< 1 and most likely > 0.0 1. It could in principle be determined by. a 

Some authors have discussed 

a 

2 
a = 0. 1. The idea here i s  not 

On the 0l6(He4,y)Ne2O reaction (Q = 4.730 MeV), some 

very recent data is discussed in Appendix A 4, 

becomes (in the range 2 < T8 < 8) 

The rate 

it i s  three time smaller than the rate given e.g.  in (Reeves 1964). It 

is so much smaller than the rate of C12 + He 

of 0 ) that except for very heavy s tars  M >/ 30 M 

never goes past the former reaction. 

total energy generation rate as: 

4 (for any reasonable value 

2 the helium process a e 

Consequently we can write the 

- 19 - 



12 12 is  the rate of formation of C equ. (21). 3a+ c The t e r m  P 

Here (q ih  p ) is indepenant  of the density and of electron screen-  
- 

2 
ing effects. 

a factor of ten). 

It contains the t e r m  ea and hence i s  very poorly known (about 

This usually has rather little effect$ on the total energy 

generation rate since Y stays below two o r  three during most of the a 

Helium burning phase. However Deinzer and Salpeter (1964) have shown 

that at the end of Helium burninj(Xa < 0. 1) Y will become very  large,  a 

and there the uncertainty on 8 plays a major role. a 

To summarize: for stars with M < 30 Mo the energy generation 

rate in Helium burning phase is  given by eqs (25), (26), (27) and (22) .  

The uncertahty in the rate is about a factor of two for Xa 3 0. 3.  For  

X 

ty  may in turn 

s t a r  in the H. K, shgaazn 

H e l i u m  reactions i n  massive s tars  
Q = 9,314 MeV):  M ~ ~ ~ ( H e ~ , y ) s i ~ ~ ,  ( Q  = 9,986 Mev);:Si28(He4,~)S32, 
62 = 6.946 MeV). 

< 0. 1 the uncertainty could reach a value of order  ten. This uncertain- 
a 

deeply effect the determination of the trajectory of the 

_ _  

Ne2' (He4,y)Mg24 

In s tars  with Ma30 Ma these reactions s t a r t  contributing 
s igni f icant ly  to the energy generation rates .  

Methods to evaluate these reactions and the uncertainties 

attached to them a r e  described in Appendix A. W'e obtain 

log (P20,4 / P X4 f20,4) = 19.7 - 43.75 T8 - 1 / 3 = ~ .  0 9  T~ 2/3- 213 log T8 (28) 

log (P24,4 / p X4 f24,4) = 20.7 - 49f39T,'/3-o. 10 T82/3-2/3 log T8 (29) 

- 20 - 
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- 0.12 (30) ) = 22.0 - f l o g T 8  - 55.67T8 -1/3 
10g(p28 ,4 x4 f28 ,4 

I n  t h i s  case Y, i n  equ. (26) becomes 

where 

12 3a+ C log b4(i+i)P] = 1°<'p4i,,/; xq f4i,4) log(@ 3 a + C  12 

16 Here,clearly, i = 4 represents 0 , etc. With the proper Q values Y 

As given by 

a 

+ 0.256X X 
4 20 '24 + 0.162X X 

4 16 '20 = 1 + 0.328X X ya 4 12 '16 

28 '32 . + 0.136X4 X 
24 '28 + 0.229X4 X 

Nucleosynthesis from Helium-Burning -Reactinns 

The regions of the p -T plane where Helium burning reactions 

a r e  likely to be found (either in the core o r  in a shell during the carbon 

burning stage) a r e  displayed Fig. ( 6)  , again from Hayashi's work. (It 

should be remembered that neutrino emission has there been neglected. 

Its presence would affect the conditions of' helium shell burning but 

n o t  t h e  csndikions of helium core burning.)  

To evaluate the nucleosynthetic effect of Helium the isotopic 

evolution has  been followed till X a -  0.01 assuming fixed temperature 

and density Fig. ( 7 ) . The curves a r e  iso-abundance curves of various 
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elements. For  instance the words 0 

that in the corresponding range of density and temperature the final pro- 

duct is mostly Oi6. W e  noticed that Ne 

only in a small region where it reaches at best a value of 10%. 

using extreme values for the rates a value of 20 o/o could be obtained). 

> 50% in a certain region =ear, 
- 9  

20 
I 

is almost by-passed; it appears 

(By 

Salpeter and Deinzer (1964) and Hayashi (1962) have followed 

in detail,  the isotopic evolution during Helium burning in the core for  

various masses. Salpeter and Deinzer start with initially homogeneous 

Helium stars ,  a simplification which may be of importance in assessing 
4 20 the accuracy of the predicted isotopic results. For the 0l6(He ,$Ne 

2 rate they use successively e 2  = 0. 1, 0.4,  1. (Fig.(  7 )  uses ea = 0. 1 . )  a 
16 

but not the final abundance of heavier material. 

Their results a re  shown in Fig. ( 8  ). 

depends very much on 

The isotopes Ne2' and MgZ4 a re  essentially absent of s ta rs  with M <  30M0. 

Even for larger masses Ne2' reaches at best 20 /o (these authors used 

older data which gave an Oi6(He ,y)Ne2' three times larger  than the rate 

The final abundance of C12 and 0 

a 

0 

4 

quoted here). 

Hayashi's results on Ci2 and 0l6 in the Helium burning core 

a r e  quite similar. He does not consider the generation of Nez0. Hayashi's 
16 group has also studied the formation of Ci2 and 0 in a helium burn- 

ing shell during carbon burning. 

rature in the shell i s  very close to T8 = 2, the density ='800jthe fraction- 

a l  carbon production is somewhat l e s s  than during.helium core burning 

and the production of N e  (evaluated from their models) is at best 

For  stars of 4 and 15.6 MQ the tempe- 

20 

a f ew percent. 
The purpose of discussing these elements was to determine 

potential fuels for the following stages of evolution. It i o  of interest 
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4 however t o  attempt a comparison between t h e s e  r e s u l t s  and 

o b s e r v a t i o n a l  ev idence  on cosmic abundances. Fo r  such a 

comparison t o  be meaningful one would need a d e t a i l e d  theory  

of t h e  r e s t i t u t i o n  mechanisms of t h e  evolved mater ia l  t o  

i n t e r s t e l l a r  gas. Prel iminary i n v e s t i g a t i o n s  have a l r e a d y  

been m a d e  on t h i s  matter. (saipeter 19593 (Schmidt 1959) e 

These a u t h o r s  make the  assumption tha t  s t a r s  w i t h  M > 0.7M0 

r e s t i t u t e  an amount AM = (M-0.7Ma) t o  the  i n t e r s t e l l a r  gas  a t  

t he  end of t h e i r  l i v e s .  Assuming f u r t h e r  t h a t  the  r e l a t ive  

ra te  of s t a r  formation as a func t ion  of s t e l l a r  mass has  n o t  

changed s i n c e  the beginning of the  ga laxy  ( t h e  t o t a l  ra te  has 

changed!) one f i n d s  t h a t  m o s t  of t h e  gas c a m e  f r o m  s t a r s  w i t h  

2M0 < M < 5 M 

noth ing . )  The o u t e r  envelope, somehow expelled f r o m  such stars 

w i l l  c o n t a i n ,  amongst other  t h i n g s ,  t h e  product  of helium 

burning  r e a c t i o n s  (mostly,  presumably, f r o m  helium burn ing  

shells du r ing  la ter  s t a g e s  of e v o l u t i o n ) .  The p h y s i c a l  condi- 

t i o n s  i n  these s h e l l s  s t i l l  have t o  be computed, t a k i n g  i n t o  

account  t h e  n e u t r i n o  emiss ion  processes .  

w e  can s a f e l y  guess  t h a t  the neon product ion  w i l l  always be s m a l l .  

(Stars w i t h  M > 10 Ma c o n t r i b u t e  v i r t u a l l y  
Q- 

However f r o m  F igu re (7 )  

Observat ional ly ,  us ing  t h e  abundance of C ,  0, Mg i n  the  sun 

(Goldberg, Mueller and Al le r ,1962)  and t h e  abundance of Ne2' 

f r o m  Suess-Urey "cosmic abundances" (Si2* is  t h e  s t a n d a r d )  it 

- 23- 



L. 

appears  t h a t  of t h e  group C,O,Ne,Mg,Si, about  20% belongs  t o  

carbon,  50% t o  oxyge-n-, 20% t o  neon, and a few p e r c e n t  t o  

magnesium and s i l i c o n .  

abundance of C and 0 are understandable  b u t  the abundance of 

N e  i s  v e r y  high.  

m o s t  of  it may come from t h e r e .  Magnesium and s i l i c o n  m o s t  

l i k e l y  come f r o m  t h e  carbon burning s t a g e ,  o r  f r o m  more ad- 

vanced s t a g e s  of s te l la r  evo lu t ion .  

I n  view of t h e  prev ious  d i s c u s s i o n  t h e  

S ince  neon is also a product  of carbon burn ing ,  

Solar cosmic r a y s  have r e c e n t l y  been ana lysed  by Biswas 

and F i c h t e l  (1963). The a n a l y s i s  g i v e s  s t r o n g  suppor t  t o  the 

view t h a t , e x c e p t  for p r o t o n , t h e  a c c e l e r a t i n g  mechanisms do n o t  

d i s t u r b  the  o r i g i n a l  r e l a t i v e  abundances. They f i n d  indeed 

t h e  r a t i o  of C/O i n  cosmic r a y s  i s  very  s imi l a r  to the  solar  

atmosphere C/O r a t i o .  They have measured Ne2' (no t  spectro- 

scopically detectable i n  t h e  sun) and found it t o  be smaller 

than  the  above quoted va lue  by a factor of about  t h r e e .  

the i r  value one ob ta ins :  Xc = 0.26 Xo = 0.58 XNe = 0.09 

X = 0.04 Ssi = 0.04. 

W i t h  

Mg 

The cosmic "normal" abundance of Ne2' has  been eva lua ted  

from ana lyses  of B s t a r s ,  which according t o  D r .  Stromgren are 

ve ry  uncer ta in .  The p l a n e t a r y  nebulae t y p i c a l l y  have r a t i o s  

of  neon t o  oxygen which are about  10 times smaller than  "normal" 

( A l l e r ,  p r i v a t e  communication) . It does n o t  appear unreasonable 

L 

'a 
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. 
t o  argue  t h a t  i f  t h e r e  are any s e t t i n g s  i n  our universe  where 

we  may hope t o  see t h e  products  of helium burn ing ,  unadul te ra ted  

by nuc lea r  processes as soc ia t ed  w i t h  f u r t h e r  s t e l l a r  evo lu t ion ,  

it is indeed i n  the gases  which form t h e  bu lk  of a p l ane ta ry  

nebula .  

Heavy elements  b u i l d  UP i n  t h e  helium burninq phase. 

The presence i n  na tu re  of elements  w i t h  A > 56 i s  

a t t r i b u t e d  (BBFH 1957) t o  the tu rn ing  on a t  a c e r t a i n  per iod  

(or per iods)  of stellar evolu t ion  of  a rather l a r g e  flux of 

neut rons .  I n  p a r t i c u l a r ,  the ex i s t ence  of isotopes i n  the 

b o t t o m  of the v a l l e y  of  nuc lear  s t a b i l i t y  is proof of t h e  a c t i o n  

of neut ron  flux w i t h  c h a r a c t e r i s t i c s  such that  t h e  neut ron  

cap tu re  t i m e  w a s  much longer  than beta decay l i f e t i m e  of t h e  

uns t ab le  isotopes l i n i n g  on both sides the  bottom of t h e  v a l l e y ,  

and such t h a t  s e v e r a l  t e n s  of neut rons  w e r e  absorbed per each 

seed n u c l e i  (u sua l ly  the  meta ls ,  Co-Fe,Ni 1 .  T h i s  process is  

c a l l e d  the s process ,  and the elements  t h u s  produced are called 

t h e  s elements .  I n  t h i s  respect the r e a c t i o n  

may be of importance s i n c e  it gene ra t e s  neut rons ,  and hence may 

be a source  of heavy element build-up. The C13 t h u s  burned may 

have been l e f t  f r o m  H burning (as d iscussed  b e f o r e ,  the frac- 

* 

C13 ( a ,n )  0l6 

- 25 - 

*For m o r e  d e t a i l s  see Clayton et  a1 (1961), Seeger ,Fowler  and 
Clayton (to be publ i shed) .  



* 13 
t i o n a l  mass of the  CNO group t o  be found i n  t h e  form of C 

l a  about  1%) or it may have been formed b y  mixing some protons  
* 

t o  t h e  helium burning core (Greenstein and W a l l e r s t e i n ,  1964) .  

The e f fec t  of  the  o r i g i n a l l y  p r e s e n t  C13  i s  n e g l i g i b l e  for  t w o  

reasons. F i r s t ,  even i f  eve ry  neut ron  w e r e  t o  be used for  

heavy element build-up, a t  best one neut ron  would be absorbed 

per m e t a l  nucleus.  

poison,  about which however one must be c a r e f u l .  From Figure  

( 3 )  it i s  ev iden t  t h a t  t h e  atoms of C 1 3  w i l l  always burn before 

t h e  atoms of N , hence i n  t h e  presence o f  these atoms. It  i s  

correct t o  say t h a t  through the N 1 4  (n ,p )  C l4 r e a c t i o n  and i t s  

l a r g e  cross s e c t i o n  N 1 4  w i l l  ac t  as  a neut ron  poison. But i f  

Second, there is  t h e  q u e s t i o n  of the  N14 

14 

t h e  proton thus  produced i s  t h e n  captured  by a C 1 2  atom, w e  

s h a l l  have r egene ra t ion  of the  los t  neut ron  by the  r e a c t i o n s  

C l 2  (P,Y) N l3 -, C13  (He4,n) 0l6. 

as  an  a n t i d o t e  t o  N14 poison,  i f  it i s  abundant enough t o  

cap tu re  a large f r a c t i o n  of the pro tons  f r o m  t h e  N (n ,p)  

I n  o t h e r  words C 1 2  w i l l  a c t  

14 

r e a c t i o n .  W i l l  t h a t  be o u r  case? C l e a r l y  no, s i n c e  i n  v i e w  

of t h e  hydrogen-burning-equilibrium-abundance ra t io  p r e v a i l i n g  

i n  t h e  core (see eqn. 1 3 ) ,  t h e  pro ton  has a t  best a 25% chance 

of be ing  captured  by a C 1 2  neutron.  Hence t h e  formation of 

13 
heavy elements f r o m  the o r i g i n a l  C is to be r u l e d  o u t .  
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. 
A f t e r  t h e  onse t  of helium burning t h e  abundance of Ci2 

9 

w i l l  i nc rease  sharp ly  and the s i t u a t i o n  would be reversed 

if C I 3  and N14 had managed t o  surv ive  (which w i l l  never  be 

the  case) or  i f  they  had been produced by admixture of s o m e  

hydrogen f r o m  t h e  envelope. 

a n t i d o t e  to  N14 poisoning and heavy element  b u i l d  up i s  a 

In  t h i s  c a s e  C1* i s  a good 

p o s s i b i l i t y .  Such mixing has been considered r e c e n t l y  by 

Wal l e r s t e in  and Greenstein (1964) i n  an a t tempt  t o  exp la in  

the  p e c u l i a r  abundances found i n  CH s t a r s .  

I n  these s t a r s  carbon and the  product  of neutron cap tu re  

process  on a slow t i m e  scale (Ba, La, Ce, N d )  a r e  enhanced 

cons iderably  w h i l e  oxygen is  normal. The enhancement of C 

may imply t h a t  the  neutron cap tu re  processes  took p lace  a f t e r  

t he  o n s e t  of the  3He4 -, C12 r eac t ion .  16 The absence of 0 

enhancement may imply t h a t  these processes  took p l ace  r a t h e r  

s h o r t l y  af ter  the o n s e t  of the 3He 4 C , and m o s t  l i k e l y  a t  4 12 

rather l o w  t e m p e r a t u r e .  As we s h a l l  d i s c u s s  l a t e r ,  t h i s  

g i v e s  s t rong  support  to the  mixing mechanism advocated by 

Greens te in  and Wal l e r s t e in ,  
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Neutrons c a n  also be genera ted  by t h e  sequence 

o1 ( a, n) N e  21 Q = -700 k e V  

i” 
~ 1 4  (a ,  y) ~~8 ( e t v )  oI8 

Ne22(a,n)Mg25 Q = -482 k e V  

018(u ,y)Ne22 / 

( a ,  y)Mg26 

Because i f  i ts  h i g h  t h r e s h o l d  energy t h e  branching 

toward N e 2 1  i s  ve ry  d i f f i c u l t  t o  achieve .  It  would occur  i f  

N 1 4  a t o m s  were t o  be suddenly brought  t o  tempera tures  %c 4 

even for  only a m a t t e r  of seconds.  Such c o n d i t i o n s  may be 

m e t  du r ing  the  helium f lash .  I n  Schwarzschi ld’s  s t a r  (M = 1 3M ) 

T = 3.4  i s  a t t a i n e d  f o r  a second or so. Eviden t ly  m o r e  d e t a i l e d  

m o d e l s  w i l l  be needed be fo re  w e  can e v a l u a t e  t h e  

0 

8 

importance of t h i s  mechanism i n  stars of s m a l l e r  masses. 

For heav ie r  stars t h e  l o w e r  branch i s  followed. 

Two ques t ions  here: how f a r  w i l l  tk c h a i n  go before the  

supply of He4 i s  exhausted: i f  t h e  c h a i n  is  carried t o  the 

end w i l l  the  f i n a l  p roducts  be Mg26+y o r  Mg25+ n 

t h e s e  ques t ions  we must remember t h a t  a t  t h e  end o f  helium 

burning  t h e  main consumer of He4 is cI2. 

To answer 

From t h e  graph it 
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* *  

. 
I 

* 3.4 18 appears t h a t  N 

n e c e s s a r i l y  Ne22. 

Ne2* w i l l  be l e f t  i n t a c t ;  

and f r o m  t h e  graph aga in  w e  g e t  most ly  Mg2' + n ,  w i th  a s m a l l  

f r a c t i o n  of Mg26. 

t h i s  cha in  of r e a c t i o n  can y i e l d  as much as 100 neut rons  pe r  

seed  n u c l e i ,  probably enough t o  m e e t  t h e  requirement of the 

s process .  A t  s t i l l  h ighe r  temperature  (T >3) Mg25 i t s e l f  

is r e a c t i n g  by M g 2 5  (d,n) Si2* t o  e s s e n t i a l l y  double the output  

of neutrons.  As a r e s u l t  we do expect s u f f i c i e n t  neutron 

gene ra t ion  f r o m  N14 isotopes i f  t h e  helium burning s t a g e  

reaches a temperature  of a t  least T = 2 for a t i m e  s u f f i c i e n t l y  

long t o  b r i n g  about  a f a i r l y  complete exhaus t ion  o f  Ne22  i s o t o p e s ,  

Such temperatures  are reached dur ing  t h e  nitrogen-helium f l a s h  

b u t  for t i m e s  which s e e m  t o  be f a r  too short (by f a c t o r s  of 

thousands,  for i n s t a n c e  i n  Schwarzschild's models). Studies of t h e  

f l a sh  for  d i f f e r e n t  masses may g ive  a d i f f e r e n t  answer b u t  

a t  p r e s e n t  t h i s  s e e m s  t o  be extremely u n l i k e l y ,  

and o w i l l  if~days bum fjsfore el2, but imt 

* If t h e  process takes place a t  T8 < 2 

a t  h ighe r  temperature  Ne22 burns 

With the abundances of N14 d i scussed  before ,  

8 

8 

The proper combination of time and temperature  are reached 

a t  the end of helium burning s t a g e s  a t  least for r a t h e r  massive 

s tars  (e.g., M = 7M0 a s  s tud ied  by H o f f m e i s t e r  e t  al, 1964) .  There 

however, we  should expect t h e  presence of s process  e lements  

such as Ba La  C e  N d  t o  be accompanied by enhancement of C and 

of 0. 
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To summarize: neut ron  w i l l  no t  be produced pr ior  t o  t h e  o n s e t  
+ 

14 of helium burning. Small s t a r s  may g e t  N gene ra t ed  neut rons  

du r ing  t h e  h e l i u m  f l a s h ;  b i g g e r  stars do n o t  g e t  C 1 3  or d4 gener- 

a t e d  neutrons i n  t h e  e a r l y  days o f  helium burning.  Neutrons may 
'L 

appear  through admixture of hydrogen, producing ( i f  the  en r i ched  .y 

material  even tua l ly  reaches  the  s t e l l a r  s u r f a c e )  enhancement of 

carbon,  and of s elements ,  b u t  no t  n e c e s s a r i l y  of oxygen. F i n a l l y  

N I 4  generated neutrons w i l l  be produced a t  t h e  ve ry  end of hel ium 

burning i f  t h e  m a s s  i s  l a r g e  enough t o  b r i n g  the c e n t r a l  temperature  

above T = 2 before t h e  He4 i s  exhausted.  From e x i s t i n g  models, a t  8 

leas t  a f e w  s o l a r  masses a r e  needed €or t h i s  t o  occur .  

Photoneutr ino Cont rac t ion  Phase 

T h i s  name is probably a p p r o p r i a t e  s i n c e  i n  the  c o n t r a c t i o n  

phase between helium burning and carbon burning t h i s  process  be- 

comes a c t i v e  and i n  f a c t ,  d i s s i p a t e s m o r e  energy than  t h e  photon 

emission processes .  The switchover  usua l ly  takes p l ace  i n  the 

range T8 = 3-5. 

The r a t e  of energy gene ra t ion  is  given by (Chiu,1961) 

8 e = l o 8  T~ /pe erg/gm/sec 
V (33) 

The term pe i s  t h e  mean number of nucleons per electrons i n  

4 t h e  gas .  Usually pe = 2 (as f o r  H e  , C1*, O I 6  e tc . )  - However 

a t  h ighe r  temperature  e l e c t r o n  p o s i t r o n  p e i r s  w i l l  be produced, 

which must be taken i n t o  account  i n  e v a l u a t i n g  pe. 

The d e n s i t y  and tempera ture  exponents are m = 0 ,  n = 8. 

Again t h i s  is a r a t h e r  smal l  temperature  exponent,  a s  compared 

w i t h  t he  helium burning (n 2: 30) and the  fol lowing carbon 
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' burning (n - - 30 also). T h i s  c o n t r a c t i o n  phase will end when 

the r e a c t i o n  C12 + C12 w i l l  become fast enough t o  stop t h e  

con t r ac t ion .  S h a l l  we  have a carbon f l a s h ?  According t o  

Hayashi, Hoshi and Sugimoto (19621, no carbon f l a s h  w i l l  t a k e  

p l a c e  if the  photoneutr ino process  occurs.  The core w i l l  

q u i e t l y  warm up till the carbon burning r e a c t i o n  e q u a l s  t h e  

ilztltriilo energy dissipation. 

Carbon Burninq React ions 
The Chalk River  Group has r e c e n t l y  s t u d i e d  very 

thoroughly (experimental ly  and t h e o r e t i c a l l y )  the r e a c t i o n s  

between C 1 2  and a f e w  l i g h t  n u c l e i  (C12, N14,  0l6).  The 

e las t ic  s c a t t e r i n g  d a t a  and t h e  c a p t u r e  cross s e c t i o n  data 

have been improved t o  about  20% accuracy. O p t i c a l  m o d e l  

parameters  have been obtained which match t h e  data a l l  through 

the range of energy considered. I n  the  Appendix A 8  I a method is 

descr::bed w h i c h  a l l o w s  a determinat ion of  the  l o w  energy p a r t  

of t he  c a p t u r e  cross section and hence a de termina t ion  of the  

the rmonucka r  r e a c t i o n  r a t e  I m o s t  l i k e l y  accu ra t e  t o  better 

than  a f a c t o r  of  three. The p r o b a b i l i t y  of a r e a c t i o n  i s  

g iven  by - 
1/3 

-2/3 109 Tg (34) 36.55 (1 + 0.070 T9) P/pXc = (26.420.5) - 
T9 loglo  

and the energy genera t ion  r a t e  by 
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. 
The range of  temperature  and d e n s i t y  a t  which a s t a r  w i l l  

s t o p  i t s  c o n t r a c t i o n  t o  burn i t s  carbon can be i n v e s t i g a t e d  

by means of t h e  fol lowing crude model. 

t h e  energy is  almost e n t i r e l y  d i s s i p a t e d  by n e u t r i n o  emission.  

Severa l  d e t a i l e d  models have shown t h i s  assumption t o  be v a l i d .  

Then w e  f ind  i n  t h e  p.T p lane  the  l o c u s  of a l l  t h e  p o i n t s  

represent ing  cond i t ions  a t  the c e n t e r  of the s t a r  where carbon 

burning energy genera t ion  (assuming pure carbon) equa l s  the  

n e u t r i n o  energy d i s s i p a t i o n .  

w e  should include p a i r  a n n i h i l a t i o n  neu t r inos  (see Figure 1 ) 

which w e  s h a l l  d i s c u s s  p re sen t ly .  T h i s  curve appears  i n  

W e  assume f i rs t  t h a t  

For temperature  neighboring lo9 

Figure (10)under t h e  label "first model''. Correc t ion  has then  

been made t o  al low for  t h e  f a c t  t h a t  n e u t r i n o  emission takes 

p lace  i n  a b igge r  volume than  nuc lea r  energy genera t ion .  T h i s  

i s  t h e  "cor rec ted  model" curve.  

Hayashi has publ ished models of stars i n  the carbon 

'1, 

J' 

burning phase for  which heneg lec t s  however the neu t r ino  energy 

d i s s i p a t i o n .  He cons ide r s  stars of 4Ma and 15.6Ma, and sets 

a t  0.7Ma t h e  l o w e r  m a s s  l i m i t  f o r  a star t o  reach the carbon 

burning s tage .  I n  Figure ( 6 )  t h e  evo lu t ion  of the c e n t r a l  

d e n s i t y  and temperature  ( toge the r  w i t h  t h e  helium burning she l l s )  c 

are p ic tured .  The H.R. diagram of the c l u s t e r  h and x Persei 

can be used t o  t e s t  t he  v a l i d i t y  of the  model. 
z 
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l -  

I -  

). 

f 

There , t w o  w e l l  de f ined  types of g i a n t  stars appear: a group 

. c a l l e d  ear ly- type supe rg ian t s  (2: 22 stars) and a group c a l l e d  

late type  supe rg ian t s  ( 2: 15 stars). 

Hertzsprung gap. 

t h e  main sequence goes s lowly through t h e  first group, r a p i d l y  

through t h e  Hertzsprung gap  and then  s lowly aga in  through t h e  

second group. W e  expect t h e  ra t io  of t h e  period spen t  i n  each 

group t o  be similar t o  t h e  r a t i o  of t h e  number of stars i n  

each group. 

m o d e l  (neglec t ing  n e u t r i n o  emission) . Hayashi has c a l c u l a t e d  

(al though crudely)  t h e  reduct ion  i n  the  carbon s t a g e  per iod  

r e s u l t i n g  from n e u t r i n o  emission. He f i n d s  that  the number 

of stars i n  t h e  corresponding group should be down by a factor 

of about  ten .  Deta i led  m o d e l s  of carbon burning stars w i t h  

neu t r ino  emission would be des i r ab le .  If similar r e s u l t s  are 

found, such evidence would work a g a i n s t  the  assumption of 

direct coupl ing between e l e c t r o n s  and n e u t r i n o s  (although t h e  

s ta t i s t ics  here m a y  n o t  be r e a l l y  r e l e v a n t ) .  

I n  between l i es  t h e  

Hayashi ' s  evolu t ionary  track after leaving  

The ra t io  of the per iods  is  about  one i n  Hayashi ' s  

Nucleosynthesis  dur inq  carbon burninq bhase . 
The r e a c t i o n  C12 + C12 produces Ne2' + He4 and Na23 + H 

i n  roughly equal  amounts. There is also a weak endothermic 

branching toward M g t n  23 which w e  s h a l l  d i s c u s s  la ter .  



. 
The abundance e q u a t i o n s  of carbon burn ing  have been 

i n t e g r a t e d  for  v a r i o u s  carbon and oxygen i n i t i a l  abundances 

= 1) for d i f f e r e n t  sets of d e n s i t i e s  and 
+ '16 

i 
('12 

temperature  by  Cameron (1959), Reeves and S a l p e t e r  (1959) 

and Tsuda (1963). The r e s u l t s  are r a t h e r  i n s e n s i t i v e  t o  

t h e  choice  of p c  and Tc and t o  t h e  ( s l i g h t l y  d i f f e r e n t )  

choice of rate made by each  au thor .  They can  be q u a l i t a t i v e l y  

desc r ibed  i n  t h e  fol lowing way: ( 5  deno tes  i n i t i a l  abundances 

and f denotes  f i n a l  abundances) 

(XISi - -- X16f) : 

(a) X16 remains t h e  same 

i (b) X20 i s  always less than  0.35 j for X12 < 0.40, 

l a r g e r  than 2.6 MeV the branching Mg23+n occur s  about SX of the  

t i m e .  (Bromley e t  a 1  1960) When t h e  s te l lar  c e n t r a l  t e m -  

p e r a t u r e  is less than  T = 0.8 t h e  neut ron  f l u x  t h u s  genera ted  

is  n e g l i g i b l e  (see Appendix B ) .  

9 

On the o t h e r  hand a t  T9<0.75 s u b s t a n t i a l  f l u x e s  of neut rons  

become a v a i l a b l e  through t h e  fol lowing set of r e a c t i o n s  

i n i t i a t e d  by t h e  pro tons  and He4 emitted i n  t h e  main branching: 

C 1 2  (p,  y ) N  13 (e + , v ) C 1 3  (a,n)O16. C a l c u l a t i o n s  have shown t h a t  t h e  

C 

s t a g e ,  and consequent ly  i n  the l o w e r  temperature  range of carbon 

burning. This  way neut ron  f l u x e s  capable  of inducing about 50 

neut ron  cap tu re  per m e t a l  n u c l e i  could  be r e l eased .  

1 2  (p,y)N13 r e a c t i o n s  occur  most ly  i n  the e a r l y  days of the  

- 34 - I 
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This  source of neutrons is quenched a t  T >7.5 as then  t h e  8 

isotope N13 pho tod i s in t eg ra t e s  i n t o  C12+p before it has t i m e  

t o  beta decay t o  C . 13 

The i n t r o d u c t i o n  of pair a n n i h i l a t i o n  n e u t r i n o  processes  

has r e c e n t l y  called for a r eeva lua t ion  of t h e  temperature  at 

w h i c h  the  carbon burning stage w i l l  take place.  

A combination of Hayashi 's  model (inhomogeneous models 

wi thout  neu t r ino  e m i s s i o n )  and S a l p e t e r  and Deinzer models 

(homogeneous models w i t h  neu t r ino  emission) makes it clear 

t h a t  the carbon burning temperature  ranges f r o m  T = 0.8 t o  

about  1.1. I n  the table the number of neutrons emi t t ed  per 

9 

m e t a l  atom, assuming X12 = 1/2 = 5~10'~ i s  g iven  

T8 0.6 0 . 7  0-8 0.85 0.9 1.0 1.1 1.2 

No.  of 
neutrons/metal  0 .1  0.6 4 9 13  20 40 50 

C l e a r l y  t h e  

of neutrons 

be probably 

12 12 
C + C burning s t a g e  provides  an e x c e l l e n t  s o u r c e  

and s element processing. Here the earmark would 

the s imultaneous enhancement of s elements  and of 

Na23 ( e s p e c i a l l y  when compared t o  Mg24). 

be proven simply. Q u a l i t a t i v e  ana lyses  have shown it t o  be 

t r u e  i n  m o s t  cases of i n t e r e s t .  I n  a naive way, however, one 

sees t h a t  each neutron absorbed l eaves  behind an Mg23 which 

This s ta tement  cannot  
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. 
q u i c k l y  decays t o  N a 2 3  t h e r e f o r e  i n c r e a s i n g  t h e  c o n c e n t r a t i o n  

of t h i s  isotope. 

r e a c t i o n  between a l l  c o n s t i t u & n t s  of t h e  gas .  

I n  real  l i f e  ane  must s t i l l  c o n s i d e r  f u r t h e r  

Na23  u s u a l l y  

t u r n s  o u t  t o  be s t i l l  enhanced (as compared t o  the case where 

t h e  branching ra t io  i s  s h u t )  b u t  n o t  n e a r l y  as  much . Detailed 

c a l c u l a t i o n s  wouldbe needed t o  set t le  t h i s  matter. 

F r o m  t h e  prev ious  paragraphs,  s process ing  t a k i n g  p l ace  

dur ing  the carbon burning s t a g e  should a l so  l e a d  t o  enhancement 

of C 1 2  (if the m a t e r i a l  i s  e x t r a c t e d  before the end of t h e  

s t a g e )  O I 6 ,  Ne2' and Mg2* t o g e t h e r  w i t h  enhancement of s 

elements .  

Pa i r - ann ih i l a t ion -neu t r ino  c o n t r a c t i o n  phase. 

I n  thelggion T = 6 t h e  dominant e m i t t i n g  n e u t r i n o  p rocess  
8 

passes  from photoneut r inos  t o  p a i r  a n n i h i l a t i o n  n e u t r i n o s  

(see F igs .  (1) and ( 9 ) ) .  F o r  a nondegenerate n o n r e l a t i v i s t i c  

g a s  t h e  energy gene ra t ion  rate i s  given by 

w i t h  exponents n = 11,9/T + 3, m = -1. 
9 

Neon-photodisinteqration ( f l a s h ? )  

A t  T9 1.25 t h e  c o n t r a c t i o n  w i l l  be pe r tu rbed  by the  

20 pho tod i s in t eg ra t ion  of Neon . The l i f e t i m e  of an a t o m  of 

Ne2' a g a i n s t  p h o t o d i s i n t e g r a t i o n  is  g iven  by loglo T = 



t 

1 

-(12.15 2 0.05) + 28.4/T9. Computation (Tsuda 1963) has  shown 

t h a t  one h a l f  of t h e  destroyed Neon becomes 0l6 and t h e  o t h e r  

h a l f  becomes Mg24 (through Ne2'(u, y )  Mg24). The energy y i e l d  

is about  2.3 MeV per i n i t i a l  neon a t o m .  Hence 

E: = 29.2 - 28,4/T erg/gm/sec. loglo 9 (37) 

A s  d i scussed  i n  t h e  previous s e c t i o n  the core a t  t h i s  

c m e n t  con ta ins  abou t  25% Ne2' ( i n  f r a c t i o n a l  m a s s )  . 
d i s i n t e g r a t i o n  w i l l  y i e l d  2: 600 KeV for  each nucleus i n  the  gas  

The photo- 

or  2: 30 KeV for  each p a r t i c l e  i n  t h e  gas .  I n  a p a r t i a l l y  

degenerated core we  may have a neon f l a s h  b r ing ing  us a l l  t h e  

way up t o  t h e  oxygen burning stage s i m i l a r  t o  t h e  N14 f l a s h .  

For l a r g e  s t e l l a r  masses t h e  Ne2' pho tod i s in t eg ra t ion  w i l l  a t  

best s l o w  down t h e  con t r ac t ion  towards t h e  next  s t age .  

A t  the end of t h i s  per iod,  t h e  i s o t o p i c  .abundance i s  

i i roughly as follows: 

the previous helium s t a g e ) .  

(X12 + X16 = 1 desc r ibes  the r e s u l t s  of 

(a) x16 - - X l i  + 0.15; 

i 
(b) X20 * O r  (c) X24 0.4 X12 + 0.15; (d) X 2 8  = 2 t o  4% 

Oxvqen Burnins React ions 

A s  the core t e m p e r a t u r e  approaches Tg = 1.3 1.4 r e a c t i o n  

between oxygen n u c l e i  start r e l e a s i n g  energy. Mere experimental  

data is r a t h e r  lacking.  Only t h e  0l6 (0l6, has  been 

measured ( A l m q v i s t  1960) and the d a t a  ex tends  only s l i g h t l y  
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below t h e  Coulomb b a r r i e r .  More work i s  be ing  done on t h a t  re- 

a c t i o n  b u t  is n o t  a v a i l a b l e  a s  of now To an accuracy no be t te r  

than  a f a c t o r  of  t e n  t h e  fol lowing equa t ion  can be e x t r a c t e d  from 
< 

t h e  d a t a  

log l o  P /pXo = 40.5 - 59.02(1+0.14 T 9 ) 'I3 -2/3 log  Tg (38) 

w i t h  

log e o  = 17.8 + l og  (P Xo) . 

I n  F igu re  (12 )  t h e  temperature  and d e n s i t i e s  a t  which o 

and neon a re  expected t o  burn are desc r ibed  by us ing  t h e  crude 

model descr ibed  i n  t h e  s e c t i o n  on carbon burning. The nucleo- 

s y n t h e t i c  e f f e c t  of t h e  oxygen burning s t a g e  has  been s t u d i e d  

by Tsuda (1963) and Cameron (1959). The main outcome are t h e  

24 2 8  32 elements  from M g 2 4  t o  S32. The elements  Mg , S i  , and S 

are n o t  r e a l l y  preponderant  ove r  in-between i s o t o p e s  ( a s  i s  t h e  

case i n  cosmic abundances) . 
A f t e r  the f u s i o n  of oxygen t h e  emission o f  n e u t r i n o s  becomes 

so s t r o n g  t h a t  n u c l e a r  energy g e n e r a t i o n  m o s t  l i k e l y  never  

succeeds i n  h a l t i n g  t h e  c o n t r a c t i o n .  Hence w e  do no t  expec t  

any o t h e r  burning s t a g e .  Nuclear r e a c t i o n s  l ead ing  t o  t h e  

e q u i l i b r i u m  process have been cons idered  by Hoyle and Fowler 

(1964) and Tsuda and T s u j i  (1963). They w i l l  n o t  be d iscussed  

he re .  
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APPENDIX A 

Thermonuclear r e a c t i o n  rates i n  t h e  range T = 1 t o  50 
8 

For some ( a , y )  (a ,n)  (p,y) r e a c t i o n s ,  e.g., Mg24(a,y)Si 28 

t h e  l e v e l  scheme of t h e  compound nucleus has  been s t u d i e d  

exper imenta l ly  i n  a r a t h e r  wide  range of energy and the widths  

T,,r ,r and t h e  s ta t i s t ica l  factor u) = (2J+1)/(21t+l) (21.+1) 

have been determined for  a l l  the resonances E, i n  t h a t  range. 

I n  such a case a lower l i m i t  t o  the rate can be obta ined  by 

adding t h e  effects of each resonance 

P Y  1 

P/PX1 = 1 W P X ,  
a l l  
resonances 

log Pi/pxl = 12.  69 - 3/2 log p - log Ai + log  ( A 1  

- 3/2 1- T8 - 50.4Er/T8 . 

H e r e  ct is  t h e  reduced m a s s ,  and rc, rn the  widths  for  the 

charged particle and n e u t r a l  par t ic le  r e a c t i o n s ,  r e spec t ive ly .  

This  rate is ,a  lower l i m i t  because of t h e  c o n t r i b u t i o n  of reso- 

nances l y i n g  o u t s i d e  of t h e  e m e r i m e n t a l l y  explored range. 

Because of experimental  d i f f i c u l t i e s  t h e  (a, y )  r e a c t i o n s  have n o t  

been brought  below 1 MeV and the resonances i n  t h a t  range are 

expected to dominate t h e  rate at T < 3 o r  so. I n  Fig.  (15) the 

p o s i t i o n  of the  lowest measured resonances i n  Si28 are p l o t t e d  

8 

a g a i n s t  t h e  background of t h e  G m o w  peak to  i l l u s t r a t e  t h e  

s i t u a t i o n .  
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The t o t a l  c a p t u r e  ra te  can also be eva lua ted  by a combi- 

n a t i o n  of t h e  information on i n d i v i d u a l  resonances w i t h  d a t a  

ob ta ined  from o p t i c a l  models of t h e  n u c l e i .  H e r e  w e  t a k e  

advantage of t h e  exper imenta l ly  d iscovered  r e g u l a r i t y  of the 

o p t i c a l  model parameters ,  r e g u l a r i t y  best  expressed  i n  terms 

of t h e  s t r e n g t h  func t ions .  I n  o p p o s i t i o n  t o  t h e  case of neut ron  

r e a c t i o n s ,  alpha r e a c t i o n s  have so f a r  f a i l e d  t o  show s t r u c t u r e  

i n  t h e  i n d i v i d u a l  p a r t i a l  wave (4 , )  s t r e n g t h  func t ions .  The  sum 

of these s t r e n g t h  f u n c t i o n s  appears  t o  be energy independent ,  

a t  least  i n  ranges  w i d e  enough t o  be of use i n  the e v a l u a t i o n  

of thermonuclear r e a c t i o n  rates. 

Through t h e  o p t i c a l  model a computation of the  c a p t u r e  

cross s e c t i o n  can be made. For  a lpha  p a r t i c l e  r e a c t i o n s ,  t h e  

n u c l e a r  p o t e n t i a l  is chosen t o  be of the  form 

The best choice of parameters  appears  t o  be 

V, = 50 MeV wo = + l o  MeV 

Q =(1.25 At + 1 . 6 ) f .  a = 0.50 f .  

i s  t h e  mass number of t he  t a r g e t  nuc leus , ) (Vog t ,  p r i v a t e  
communication) (At 

For proton r e a c t i o n s  t h e  rea l  p o t e n t i a l  has  t h e  s a m e  form, 

w i t h  Vo = +55 MeV, Ro = 1.25At 'I3, a = 0.5f/  me imaginary po- 

t e n t i a l  has  a gauss i an  shape c e n t e r e d  on t h e  n u c l e a r  s u r f a c e  w i t h  
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= +4 MeV. 

' on a Bendix G-20. 

C a l c u l a t i o n s  have been made by Chalk River workers 
53 

The r e s u l t s  of t h e s e  computations are then  f i t t e d  by a formula 

a€ the form: (We use  a i n  b a r n s ,  and E i n  MeV) 

where g is  l e f t  as a parameter determined i n  such a way as to 

make S energy independent up t o  t he  h i g h e s t  p o s s i b l e  energy. 

Usual ly  one can f i n d  a g such t h a t  S varies by  less t h a n  100%. 

when the energy is  v a r i e d  f r o m  z e r o  t o  about 60% of the  Coulomb 

barrier energy (B = Z Z e2/R). Then S becomes a measure of the 

sum of t h e  s t r e n g t h  func t ions .  If t he  computation had been made 

w i t h  the choice  of a square  w e l l  "black nucleus' '  t h e  factor S 

would have t aken  the  form (see Feshbach 1953) 

1 2  

2 2  The first factor can be w r i t t e n  down as 2n 3r /E = 4.126/p, p being  

t h e  reduced m a s s ,  The term i n  t h e  brackets r e p r e s e n t s  the 

I .  
p e n e t r a b i l i t i e s  for a l l  4 waves for a square  nuc leus  of r a d i u s  R. 

Gt is  t h e  i r r e g u l a r  Coulomb wave func t ion ,  so I an almost energy 
independent parameter, is  def ined a s  

2 

The l as t  term i n  eqn. (A3) is the  va lue  of the  s t r e n g t h  func t ion  

f o r  a black nucleus;  K - - 1,4f .  is the wave number i n s i d e  the  

nucleus.  
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A t  ene rg ie s  much sma l l e r  than t h e  Coulomb b a r r i e r  and 

for  y1l2 > 4 ( a s  w i l l  be t h e  case  f o r  o u r  work on alpha cap tu re  

2 r e a c t i o n  and C 1 2  + C I 2 )  t h e  f a c t o r  C(24,+l)go / g  becomes 
4 

independent of energy. Its va lue  i s  p l o t t e d  i n  Fig.  (13). 

Numerically t h e  value of S i s  c l o s e l y  given by 
S I W  

1/2 = 0.1  + 1/2 log?*) + 0.458[ZlZ2pR] 
log SS,, CIR 

The r e s u l t s  of o p t i c a l  model c a l c u l a t i o n s  f o r  a lpha cap tu re  b y  

a l l  t h e  s t a b l e  isotopes from C 1 2  t o  S32 have been used t o  ob- 

t a i n  t h e  va lues  of SO, , (opt ical  model).  

very w e l l  r epresented  by p u t t i n g  i n  t h e  square w e l l  formula eqn. 

A l l  t h e  va lues  w e r e  

(A5) t h e  choice R = cl .50 A1 + 2.01f.  (Fig.  14)  
S 

I n  t h e  square w e l l  formalism, t h e  va lue  of g i s  

3 
CIR 1/2 

= y3/2/6q2 = 0.122[-] MeV-‘ 
9 S , W  %=2 

(A6 

wi th  R i n  f ,  p i n  a.m.u. 

The values  of g obta ined  from t h e  o p t i c a l  model a n a l y s i s  

have been p l o t t e d  i n  Fig.  (14)  and t a b u l a t e d  i n  Table 1. It 

w i l l  be noted t h a t  they decrease  somewhat r ap id ly  w i t h  At t h e  

mass of t h e  t a r g e t .  A s o r t  of e f f e c t i v e  r a d i u s  can be obtained 

by i n v e r t i n g  t h e  formula 

R = 4.07(* 1/3 g 2/3 
9 P )’ 

4 

(A7 

, 
This  t i m e  t h e  r a d i u s  R needed t o  reproduce g was of t h e  form g 

+ 4.0. Rg = 0.7 AI 1/3 
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I n  a forthcoming paper (Vogt and Reeves, 

App .  A - page 5 

t o  be publ i shed)  

an a n a l y s i s  of t h e  meaning of t h e s e  parameters  i n  terms of t h e  

s t r u c t u r e  of t h e  n u c l e a r  w e l l  w i l l  be made. 

Once S and g are found, the thermonuclear r e a c t i o n  rate 

becomes (S i n  MeV ba rns )  

a 
- 3.975 (21222 y ’ 3  (1 + 8.62 x g T ~ )  1/3 . 

T8 

I n  Table (1) t h e  va lues  of S ,  g and also the numerical  

c o n s t a n t s  necessary  t o  compute the thermonuclear r e a c t i o n  rate 

are g iven  (some of t h e m  have been s l i g h t l y  modified by t h e  

r e s u l t s  of other techniques) .  To i d e n t i f y  these c o n s t a n t s  we  

r e w r i t e  the  eqn. ( A 8 )  i n  the form 

Although t h e  

r e p r e s e n t a t i o n  of 

depart f r o m  t h e i r  

optical  model u sua l ly  g i v e s  a f a i r l y  good 

t h e  data, i n d i v i d u a l  n u c l e i  may a t  t i m e s  

expected behaviour.  Then both S and g could  

i n f l u e n c e  t h e  ra te  t o  any g r e a t  e x t e n t .  

- As mentioned b e f o r e ,  from t h e  exper imenta l  de t e rmina t ion  

of t h e  i n d i v i d u a l  resonances a n  e v a l u a t i o n  of S can be made 

d i r e c t l y .  I f  the  resonances do n o t  o v e r l a p  t o  t h e  p o i n t  where 
.I 

- 4 3  - 



App. A - page 6 

4 C 1 2  + H e  

c13 + ii 

N 1 4  + 11 

N I 5  + 11 

016 + i t  

017 + 11 

018 + I t  

&9 + I 1  

Ne2' + I' 

Ne2' + I' 

N e 2 2  + I' 

~a~~ + 11 

Mg24 + 'I 

M g 2 5  + 'I 

Mg26 + I' 

A127 + 1 1  

s i 2 8  + II 

s i 2 9  + 11 

s i 3 0  + 11 

s32 + 11 

31 P + 

Table 1: 

l o g  S(Mev b) g(Mev-') 

6.45 

6.55 

7.22 

7.29 

7.95 

8.04 

8.14 

8.73 

9.44 

9.39 

9.47 

10.04 

10.50 

10.65 

10.72 

11.25 

11.75 

11.82 

11.89 

1 2 . 3 8  

12.86 

.82  

.83 

.78 

.79 

.75 

.77 

.78 

.74 

.72 

.72 

.73 

.70 

.68 

.69 

.69 

-67 

.66 

-66  

-67 

.66 

.63 

M 

16.6 

16.7 

17.4 

17.5 

18.1 

1 8 . 2  

18.4 

18.9 

19.7 

19.6 

19.7 

20.3 

20.7 

20.9 

21.0 

21.5 

22.0 

22.1 

22.1 

22.7 

23.1 

N 

30.11 

30.25 

33.72 

33.88 

37.20 

37.35 

37.47 

40.67 

43.75 

43.88 

43.99 

46.97 

49.89 

49.97 

5D. 06 

52.91 

55.67 

55.75 

55.82 

58. 56 

61.16 

P 

.07 

-07 

.08 

.08 

.08 

.08 

.08 

.09 

.09 

.09 

- 0 9  

.10 

.10 

.10 

-10 

.10 

.11 

.11 

-11 

.11 

.11 . 

Parameters fo r  the  computation of thermonuclear 
r e a c t i o n  ra tes .  (The temperature  u n i t  i s  T~ = 10*0 K) 
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I .  , -  

I - -  

i n t e r f e r e n c e  phenomena become important ,  t he  cross s e c t i o n  for  

i n d i v i d u a l  resonances can be w r i t t e n  i n  t h e  B r e i t  Wigner f a sh ion  

Averaging over resonances i n  an energy  range DE 

W e  d e f i n e  

is the reduced w i d t h  and 5 a n  a l m o s t  energy G w h e r e  y 

independent  factor r e p r e s e n t i n g  angu la r  momentum effects (G) . 
c, 4 

If Tc > rn a l l  through the  range AE, we  have 

(All) 

wi th  

H e r e  D is t h e  average d i s t a n c e  uetween resonances of same (4) t 

w i t h  orb i ta l  angu la r  momentum (t). The l a s t  term i s  a d e f i n i t i o n  
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2 
of 5 ,  (yc/D) based on t h e  f a c t  t h a t  t h e  i n d i v i d u a l  s t r e n g t h  

func t ion  < ym/Dk > are known to be p r a c t i c a l l y  energy 

independent.  

c a l c u l a t e  

I- 

Using t h e  experimental  v a l u e s  o f  Ta (exp) w e  

res. i n  AE 

On t h e  o t h e r  hand, when rc > Tn 

<(T> = 217 2 2  x c lU rL = 4.126 <g)L = c 
AE AE iJ E E  

w i t h  C i n  M e V  b a r n s .  The t o t a l  r a t e  involves  t h e  i n t e g r a l  of 

<a>v ove r  a l l  e n e r g i e s .  However t h e  range o f  e n e r g i e s  where 

r < T b r i n g  a smal l  c o n t r i b u t i o n  t o  t h e  rate i f  t h e  Gamow 

energy Eo i s  above t h e  energy (E*) for  which rn = T . Then w e  

w r i t e  

C n 

C 

(N i s  Avogadro ' s number) 

o r  

l o g  P/Px, = 10.00 - log A 1  -1 /2  l og  1-I - 1/2 log  T8 + 109 C -50.4E*/T8 ( A 1 8 1  ~ 

.. 

The va lue  of E* and C should r e a l l y  be obtained by t r y i n g  t o  T 

f i t  t h e  eqn. (A18) wi th  t h e  va lues  ob ta ined  i n  eqn. ( A l )  by 

- 46 - 
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summing ove r  a l l  resonances.  If t h e  measurements of i n d i v i d u a l  

resonances a r e  no t  a v a i l a b l e  then we may u s e  t h e  va lue  of S 

. 

ob ta ined  f r o m  t h e  o p t i c a l  model c a i c u l a t i o n  t o  g e t  an average 

va lue  of - and by equa t ing  i t  t o  r /D o b t a i n  E*. That i s  Ta 
D Y 

2 .  . .  
S = 2 9 K 2 E  5,  ( y / D ) .  

for  E = E* 
l U  2 - = so (y/D)e’2vqe-9E= wT 

D v/D 1 

W e  d i s c u s s  nex t  the  v a l i d i t y  of the  optical  m o d e l  approach 

i n  t h e  ( l o w )  tempera ture  range where the  wid ths  of the Gamow peak 

become comparable to  the average spac ing  between resonances.  

Except for a f e w  n u c l e i ,  ( p , y ) ,  or ( a , y )  r e a c t i o n  t h r e s h o l d  are 

t o  be found i n  energy regj-ons of the  compound nucleus  where t h e  

levels are f a i r l y  crowded. Typ ica l ly  the  spac ing  of levels w i l l  

be of t h e  order of 100 k e V  b u t  l a r g e r  d i s t a n c e s  between t w o  

g iven  levels w i l l  n o t  be uncommonly found. 

The use  of opt ical  m o d e l s  for thermonuclear r e a c t i o n  rates 

clearly i m p l i e s  t ha t  a t  least a f e w  resonances (or  a t  l eas t  one 

resonance w i t h  a m o r e  or less average reduced w i d t h )  are  t o  be 

found i n s i d e  the  Gamow peak for any temperature  under c o n s i d e r a t i o n .  

Otherwise the method may overes t imate  the  rate by several orders 

of magnitudes. 
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P 

3 2 / 3  8 

EO 

The p o s i t i o n  and width  of t h e  Gamow peak are g iven  by 

64 75 90 100 120 140 

8 5  120 

Th 2/3 k e V  2 2 1/3 
Eo = 26.3(Z1 z2 II) 

1IE = 35 (z1 Z22 ~ 1 ) ~ ' ~  5/6 k e V  
0 

T' = [T8/l  + 8.6 x 10'3g Tal g i n  MeV-' 
8 ) 

(A20 

H e r e  AEo is  t h e  f u l l  wid th  a t  h a l f  maximum, g i s  de f ined  i n  A3. 

I n  t h e  table t h e  v a l u e s  of Eo and AEo ( i n  k e V )  are given 
I 

for t y p i c a l  pro tons  and a lpha  r e a c t i o n s .  

165 215 305 415 



. 

is  a r b i t r a r y  t o  an e x t e n t .  It is however i n  t h e  s p i r i t  of t h e  

de te rmina t ion  of u n c e r t a i n t i e s  by experimental  p h y s i c i s t s .  

Defining u = m a o ,  v = (3.0g/AE0) t h e  ra t io  ( f )  of t h e  lower 

l i m i t  t o  t h e  upper l i m i t  i s  given by  

f = P (Er = Eo + 1.505) / P(E = Eo) r 
(A221  

2 -3) ] 4 2  
- 0 2  

= exp r(- (1 + uv + - 

- 49 - 

Experimental ly  t h e  p r o b a b i l i t y  that  two neighboring nuc lea r  

levels w i l l  be found a t  a d i s t a n c e  D l a r g e r  than a preassigned 

va lue  Do is w e l l  represented  by t h e  Wigner d i s t r i b u t i o n  formula 

P ( D > D,) = exp [-r/4 (DJLY) - 2  1 ( A 2 1 )  

- 
where D is  t h e  expec ta t ion  value of D. 

g iven resonances w i l l  be a t  D > 30 is about  0.001. For ou r  

The p r o b a b i l i t y  t h a t  t w o  
- 

purpose we restate t h i s  i n  t h e  fol lowing way: o u r  chances of 

f i n d i n g  one level a t  an  energy Er w i t h i n  AE = E r  - E, = 1.5 6 

of t h e  Gamow peak Eo is 99.9%. W e  d e f i n e  as o u r  upper l i m i t  t o  

t h e  rate of t h e  va lue  ob ta ined  i f  t h e  level is  a t  t h e  c e n t e r  of 

the  peak ( t h e  rate is  t h e n  c l o s e l y  equa l  t o  o u r  optical model rate) 

and o u r  l o w e r  l i m i t ,  t h e  va lue  is ob ta ined  i f  t h e  level is a t  a 
- 

d i s t a n c e  E, = Eo + 1.50 D. The ra te  i tself  w i l l  be t h e  geo- 

m e t r i c a l  means between these t w o  va lues .  The choice  of 99.9% 
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Consequently, we  have Pmax = P ( o p t i c a l  model) as  i n  eqn. (9 ) :  

- f ]  and w e  choose for  t h e  expected va lue  and t h e  Pmin - [Pmax 

u n c e r t a i n t y  [ log  P A log P I  = [ log  P (opt.mod.) + 1/2 log f l  

* 

- + 1/2 l og  f l .  

The reduced wid ths  themselves have a d i s t r i b u t i o n  g iven  by 

t 

way of doing t h i s  problem would be t o  ana lyze  t h e  p r o b a b i l i t y  

f u n c t i o n  of t h e  r a t i o  ( y / D ) .  However t h i s  i s  somewhat compli- 
- 

c a t e d  f o r  o u r  purpose. With o u r  p rev ious  choice  of Do = 3D t h e  

chance of  having t w o  l e v e l s  i n  t h e  peak i s  i t s e l f  80% so t h a t  t h e  

f l u c t u a t i o n  i n  t h e  s t r e n g t h  func t ion  averaged over  t h e  Gamow peak 
* 

should probably n o t  reach a va lue  of m o r e  t han  t h r e e .  A bet ter  

e s t i m a t e  of log P should then  be 

I n  cases  cons idered  he re ,  where t h e  o p t i c a l  model has  any 

i n t e r e s t  (0 l8 (a, y ) N e 2 2 ,  Ne2'  (a, y)Mg24, Mg24 (a, y ) S i 2 8  e tc . )  t h e  

average l e v e l  d i s t a n c e  i s  about  100 KeV. Then 1/2 log f i s  

about  0.8 a t  T8 = 1, 0.3 a t  T8 = 2 ,  0.15 a t  T8 = 3 and 0 .1  a t  

T8 = 5. Since w e  s h a l l  r a r e l y  need t h e s e  r e a c t i o n s  a t  tempera- 

t u r e  T8 < 3 ,  w e  have n o t  cons idered  t h i s  factor in t h e  r a t e  

g iven  i n  Table 1. 
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6 

I 1 -  

- A-1 

Thibaudeau and Reeves (1963) and also i n  Reeves (1964). 

C12 (a, y ) 0 l 6  The rate is discussed i n  d e t a i l  i n  Car t l edge ,  

- A-2 C13 (a ,n)016 An estimate using an experimental  measurement 

of t h e  l o w  energy non resonant  c o n t r i b u t i o n  has  been made by 

Caughlan and Fowler (1964) . 
t h e  optical  model c a l c u l a t i o n  y i e l d s  16.7. 

They o b t a i n  a va lue  M = 1 7 . 1  whi le  

- A-3 

t h e  v i c i n i t y  of 4,4  MeV can be i n f e r r e d  through an a n a l y s i s  of 

tho  Ne2O(d,a) an:? 0l6 (He3,p) reac t ions .  (Enge and Wojtasek, 1959) 

N14(a,v)F18 The p r o p e r t i e s  of t h e  e x c i t e d  l e v e l s  of F18 i n  

I n  p a r t i c u l a r ,  a l e v e l  w i t h  T = 1 should be i d e n t i f i e d  by 

t h e  fact t h a t  t h e  a + F1* outcome would be forbidden.  

The r e l a t i v e  i n t e n s i t y  of alpha groups f r o m  t h e  Ne2' + d 

r e a c t i o n  is  given as 

Energy 
of the l e v e l  

MeV 
4.108 
4.218 
4.350 
4.400 
4.651 
4 . 741 
4.844 

Re la t ive  
I n t e n s i t y  

1 2  5 
138 
147 

68 
30 
<7 
70 
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C l e a r l y  t h e  4.741 l e v e l  cannot  par t ic ipa te  i n  t h e  r e a c t i o n .  I t  

i s  m o s t  l i k e l y  a t  T = 1 l e v e l .  The 4.651 MeV l e v e l  however i s  

d e f i n i t e l y  active a l though i t s  c o n t r i b u t i o n  i s  about  fou r  t i m e s  

smaller t h a n  the  c o n t r i b u t i o n s  of t h e  o t h e r  l e v e l s .  S ince  t h e  

outcoming a have more than  three MeV, the  Coulomb e f fec t  i s  n o t  

important .  The reduct ion  probably reflects an  unusual ly  s m a l l  

va lue  of 8 , o r  a h igh  angu la r  momentum of the  excited s t a t e ,  

o r  both.  

2 
U 

The r e a c t i o n  rate can be w r i t t e n  a s  

Following Brown (1962) we choose R = 5.6f for  t h e  r a d i u s  of 

i n t e r a c t i o n .  W e  o b t a i n  for  wTu of t h i s  level  

2 
The average va lue  of (a8 ) fo r  l e v e l s  of s l i g h t l y  higher  

energy is  ," 0.06. H e r e ,  because of the  l o w  exper imenta l  y i e l d  

we  choose we = 0.02 and o b t a i n  

U 

2 
U 

(A2 6 
L '8 
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This  c o n t r i b u t i o n  t o  t h e  t o t a l  rate is dominant i n  t h e  range 

0.4 < T < 1.7. A t  T > 1.78 the  c o n t r i b u t i o n  from t h e  4.844 MeV 

level becomes dominant. Using t h e  same experimental d a t a  we 

o b t a i n  da2 = 0.05 and 

8 8 

22.18 
log  P14,4/Px4 = 2 - - - 3/2 log T8 

T8 

A t  t empera tu res  T8 > 3 ,  t h e  rate ob ta ined  from table ( \ )  should 

become v a l i d .  

20 - A-4 OX6 (a , v)  N e  

I '  

; -  

Almqvist,E. and Kuehner, J.A., and a l s o  Evans e t  a1 (to be 

publ i shed  1964) report t h e  following r e s u l t s  from measurements 

of s o m e  p r o p e r t i e s  of  excited l e v e l s  of N e  . 20 

For t h e  5.63 (3-1 leve l  

(A2 7 
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I The r a t e  c a n  be computed f r o m  table (1). The neut ron  

branching ra t io  can be obta ined  by mul t ip ly ing  t h e  ra te  of 

0l8 (a, y)Ne 22 by the ra t io  of neut ron  t o  t o t a l  emission ra t io  as 

d i scussed  i n  Appendix B. 
~ 

I 

For t h e  5.80 ( 1 - 3  l e v e l  

The cap tu re  rate becomes 

‘8 

i n  the  range 2 < T < 8. 8 

The pho tod i s in t r ega t ion  rate 

dis. 12.15 -28.4/T9 16 , d P X 4  = 10 

good 
Th i s  l a s t  r a t e  i s  w i t h i n  10% a t  T < 8 and i s  m o s t  l i k e l y  

8 

v a l i d  t o  Tg < 4 (wi th in  50%). 

A-5 0l8 (a, v ) N e  22  0l8 (a,n)Ne 2 1  - 

(A2 8 
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A-6 FJe’*(a,y)Mq 24 - 
The experimental  d a t a  covers t h e  range EcOm = 2,073 t o  

3.269 MeV, corresponding t o  E* = 11.387 t o  12,583 MeV i n  t h e  

Mg24 compound nucleus i n  which 11 resonances a r e  repor ted ,  

The va lue  of ZO2(y/D) w a s  found t o  be 10 9-47 and S = 10  

as compared t o  S = 

9.56 

when c a l c u l a t e d  wi th  t h e  o p t i c a l  m o d e l .  

A-7 Mq 24(, y ) s i 2 8  

H e r e  we  have informat ion  i n  t h e  range E = 1.31 MeV t o  

28  
c .m 

3.73 corresponding t o  E* = 11.296 t o  13.714 i n  t h e  Si 

- and S = 10 nucleus.  W e  have 5, (y/D) - 

o p t i c a l  m o d e l  S is  1 0  

(where I? 

(r /D)= C = 1.4 x 10”. 

compound 

10.41, The 2 

. A t  temperature  above T = 16 10.56 
8 

< ra) we e v a l u a t e  from t h e  experimental  d a t a  
Y 

The bes t  choice of E*, bo th  f r o m  t h e  
Y 

experimental  d a t a  and f r o m  t h e  c a l c u l a t i o n  o v e r & e  sum of t h e  

resonances is  E* = 1.63 MeV. 

This  yie1d: log P/px4 = 4.15 - 82.1/T8 - 1,/2 log T8 (A301 

I n  F igure  15 t h e  rate computed by summing over  t h e  reso- 

nances is shown, t o g e t h e r  w i t h  t h e  l o w  temperature  approximation 

( f r o m  Table ( I )), and t h e  high t e m p e r a t u r e  approximation. As 

discussed  before, t h e  rate obtained by summing ove r  t h e  resonances 

is  expected t o  underest imate  the r a t e  a t  bo th  ends.  

the energy range where we have information on i n d i v i d u a l  resonances 

I n  t h e  graph 
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i s  shown with r e s p e c t  t o  t h e  Gamow Peak. (Ca lcu la t ionsby  J a y  Hauben) 

1 2  - A-8 C 1 2  + C 

The Chalk River group (Vogt, 1964) has r e c e n t l y  s t u d i e d  very 
c 

thoroughly (exper imenta l ly  and t h e o r e t i c a l l y )  t h e  n u c l e a r  re- 

a c t i o n s  between C12 and a few l i g h t  n u c l e i  ( C 1 2 ,  N 1 4 ,  O I 6 ) .  

The e l a s t i c  s c a t t e r i n g  and t h e  c a p t u r e  cross s e c t i o n  d a t a  have 

been improved to  about 20% accuracy. The best f i t  t o  t h e  d a t a  

i s  obta ined  w i t h  t h e  fol lowing set of parameters: Vo = 50 MeV, 

Wo = 10 MeV,  R = 5.77f,  a * 0.40f. I n  F igure  (16) t h e  cap tu re  
0 

cross s e c t i o n  t h u s  obta ined  i s  compared w i t h  t h e  experiments .  

Good agreement is obtained if t h e  resonances are averaged over. 

The lower range o f  t h e  o p t i c a l  model c a l c u l a t i o n  has  been 

f i t t e d  by a formula o f  t h e  form 

37.87 

7 - 0*35 E 
l o g  0 = 17.30 - log E - 

The r e s u l t i n g  va lue  of o is plotted i n  F ig . ( l6 )  . The d i f f e r e n c e  

between t h e  o p t i c a l  model va lues  and eqn.(A31) i s  less than  3% 

i n  t h e  range 3.5 t o  5.0 MeV. I n  t h e  s a m e  range t h e  cross section 

v a r i e s  by a factor of m o r e  than  f o u r  hundreds. The thermonuclear 

r e a c t i o n  r a t e  can be w r i t t e n  as 

. 
1/3 

36.55 (1+0.070 Tg) - 2/3 log Tg (A32) . 
1/3 

(P/pXc) = 26.37 - 
log l o  

T9 
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I n  t h e  range of stellar i n t e r e s t  (T - 0 . 7 )  t h e  formula (A32) 

g i v e s  a r e s u l t  which is about  a factor of two smaller than  t h e  

r e s u l t  given by Reeves (1962) or  by Fowler and Hoyle (1964). 

9 -  

The u n c e r t a i n t y  on t h e  r e s u l t  has  been brought  down by q u i t e  

a l a r g e  amount. I n  view of the  fact t h a t  t h e  experimental  r e s u l t s  

are good to 20% accuracy: t h a t  these r e s u l t s  are w e l l  reproduced 

by the o p t i c a l  m o d e l ;  that the  eqn,(A31)matches w i t h i n  a f e w  per- 

c e n t  the behavior  of t h e  o p t i c a l  model curve up t o  0.60 of the 

Coulomb barrier energy, it is  d i f f i c u l t  t o  see how the r a t e  eqn. 

(A32) could be wrong by m o r e  than a factor of t h r e e .  

- A-9 Na 23 (p,a)Ne 2o 

pro ton  energy ( c e n t e r  of m a s s )  varying from 100 k e V  t o  778 keV.  

The thermonuclear  r eac t ion  rate has  been computed by 

summing over  t h e  resonances and also by using the average 

reduced va lue  of w r  l? /r a s  c a l c u l a t e d  from the  first 14 

resonances.  

W e  have d e t a i l e d  information for  i n c i d e n t  

U P  
Using t h e  method descr ibed  i n  Appendix A w e  g e t  

I -  

(A3 3 ) 

The Coulomb f a c t o r  used i n  eqn.(A33) 

n e g l e c t  t h e  alpha Coulomb f a c t o r  s i n c e  t h e  Q va lue  for  

Na23  (p,a)Ne2' is  a l r eady  2.3 MeV. 

reasonably good. The rate i s  then  given by the formula 

i s  the pro ton  factor. W e  

This  approximation should be 
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log P /pxl = 14.15 - 19.43 T8 2/3 ( A 3 4 )  
8 

-'I3 - 2/3 log T8 - 0.02 T 23.1 
4 

I n  t h e  Figure 17 t h e  lower curve r e p r e s e n t s  t h e  sum over  

i n d i v i d u a l  resonances f o r  t h e  Na23(p,a) Mg24 whi le  t h e  upper 

curve i s  computed from t h e  formula. The sum over  resonances 

r ep resen t s  accurate-3.y t h e  thermonuclear r e a c t i o n  r a t e  i n  t h e  

range T < 10. Above t h i s  temperature  high resonances ( f o r  

which we have no information)  s t a r t  t o  c o n t r i b u t e .  Then t h e  

upper curve should be be t te r .  As w e  expect  r c\. r i n  t h i s  

range, t h i s  curve probably overes t imates  t h e  r a t e  by a f a c t o r  

of t w o  o r  so. 

8 

I 

P -  U 

. 
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. Product ion of neut rons  through endothermic branching of 

thermonuclear  r e a c t i o n s  between charged p a r t i c l e s .  

A. F r a c t i o n a l  number of r e a c t i o n s  t a k i n g  place w i t h  

r e l a t i v e  e n e r g i e s  h ighe r  t h a n  a th re sho ld  energy Et. 

= [Sme~p[-E~T~-a/E~'~]dE] / [e - '  AEO/n/21 

Et 

where a/E1'2= 2nT, 

T' has  been def ined  i n  Appendix A. 

7 = 3EJ'kT', = akT'/2, AEo = 4 E d J 7 ,  

Here t h e  i n t e g r a l  i n  t h e  

denominator has  been evaluated w i t h  t h e  usua l  method of re- 

p lac ing  t h e  in t eg rand  by a properly ad jus t ed  Gaussian. The 

t r ea tmen t  of the  numerator r equ i r e s  a l i t t l e  m o r e  a t t e n t i o n .  

W e  now d e f i n e  E/Eo = x,  E /E = x t  = 1 + u t  (we cons ide r  on ly  

>o), and y = x - x. Then we develop t h e  in t eg rand  i n  the  

t o  

Ut t 

numerator of eqn. (1) i n  a series i n  power of y ( inc luding  

terms up t o  y2) 

03-21 E/kT'+ a/E 1/2 = x + ' 7 2  2 + y [1- ,+21+ y 2 3  4' '3 1 + ... 
X t  Xt - X t  
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N o w  i n s e r t i n g  t h i s  development i n  eqn. (1) and i n t e g r a t i n g  

we  g e t ,  

where 

4 / 4 )  
t - x  Z t  = J V 3  (Xt 5/4 

and 

as t a b u l a t e d  e .g . ,  i n  Jamke-Emde, page 2 4 .  

Useful  approximations: 

5 
for  ut<<l ,  (xt5I2 - ~ x ~ - ~ F  + 9 ) -  (15/8 ut3 - 45/32 ut4) and 

t 

B. 

H e r e  we need 

Average number of neut rons  emi t t ed  per c o l l i s i o n .  

a ( E ) n ( E ) v d E ( r  n / I ' ) lmo(E)n (E)vdE  
t 

where Tn/r i s  t he  r a t i o  of t he  neut ron  w i d t h r t o  t he  t o t a l  width 
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03-41 
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t 

t 

~- 
I *  

of t h e  l e v e l s  of compound nucleus,  and E , here,  becomes t h e  
t 
The ra t io  (rn/r) is t h r e s h o l d  energy for  neutron emission. 

s m a l l  on ly  for  (E-E ) less than a f e w  k e V .  I n  the  rest of the 

energy range i t s  va lue  remains roughly cons t an t .  Depending upon 

t h e  r e a c t i o n  under cons ide ra t ion  it takes va lues  ranging f r o m  

(mil?) 1 t o  2: 0.1. 

the  average number of neutrons emi t t ed  per c o l l i s i o n  becomes 

t 

Neglecting the  lowest p a r t  of the  range 

Q = -700 keV,  I n  the range of i n t e r e s t  (Tn/r) 0l8 (a, n ) ~e 

s i n c e  I' is s t i l l  f a i r l y  small  because of Coulomb effects and 

no o the rchanne l  is open ( Q ( a , p ) z  -5.7 MeV). As a func t ion  of 

temperature  we  o b t a i n  

1 2 1  

a 

T X Z F 53 

2.0 1 .78  3.27 -10-3 - - -10-3 

8 t t 

3.0 1.36 1.38 0.05 0.05 

3.5 1.22 0 .85  0.17 0.17 

4.0 1.12 0.44 0.31 0.31 

18 H e r e  g is  also t h e  number of neutrons produced pe r  each 0 

nucleus i n  the gas .  W e  n o t i c e  t ha t  a t  h ighe r  temperature  t h i s  

number w i l l  be doubled by the Ne21(a,n)Mg24 r e a c t i o n .  

- 6 1  - 
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Q = -482 k e V  

For t h e  same reasons  as i n  t h e  prev ious  case we expec t  
- (rn/I') f: 1 as w e  have Q ( a , p )  = -3.5 MeV. 

T a 
X 
t 

z 
t 

F 

1 . 5  1.26 1.23 0.07 0.07 

2.0 1.04 0.20 0.38 0.38 

Again g i s  t h e  number of neut rons  per N e 2 2  n u c l e i .  

temperature may double t h e  crop of neut rons  i f  enoughHe4 are 

s t i l l  p r e s e n t  by then .  

Higher 

~~ 

C 1 2  ( C I 2 ,  n)Mg23 Q =-2.603 MeV, 

The experimental  evidence (Bromley 1960) g i v e s  a branching 

ra t io  of0.05 ( f a i r l y  c o n s t a n t )  from 10 MeV down t o  5 MeV i n  t h e  

c e n t e r  of m a s s  system. 

I n  t h e  lower energy range t w o  channels  are s t i l l  widely 

open [ (C1*,a) : Q = 4.619 MeV, (CI2,p) : 

probably reasonable  t o  assume t h a t  t h e  

v a l i d  a t  l o w e r  e n e r g i e s ,  a l though t h i s  

f a c t o r  of two or t h r e e .  

Q = 2.230 MeV] . It i s  

va lue  (rn/r) = 0 . 0 5  i s  
- 

may be u n c e r t a i n  by a 

T o  eva lua te  F w e  use E = 2.418(Tb)2/3,  where T' = 
0 9 

T ~ / ( I +  0.070 T g ) ,  as d i scussed  i n  Appendix A. 
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c 

F exact X Z F g/2 
*9 t t aPP 

0.6 1-56  2.82 5 . ~ b r l O - ~  2 ~ 1 0 ' ~  5 . 5 ~ 1 0 - ~  

7. 1 x W 3  0.7 1.41 2.02 8 8 ~ 1 0 ' ~  1 . 5 ~ 1 0  

0.8 1- 30 1.41 0.045 iX10-3 0.036 

0.85 1.25 1.18 0,079 2 x 1 ~ - 3  0.065 

-4 

I 
I 
1 

i 
0.9 1.20 0.97 0.12 3x10-~ 0.105 

1.00 1.13 0.58 0.24 0 * OOF, 0.215 

1.10 1.06 0.28 0.37 0.01 0.373 

1.20 0 . 012 0.487 

As each c o l l i s i o n  t a k e s  two C12, we have l i s t e d  i n  t h e  l a s t  

column g/2, t h e  number of neutrons per C12 i n  t h e  g a s ,  I n  t h e  

l a s t  column t h e  exact va lue  of F (computer i n t e g r a t e d )  is given 

( c a l c u l a t i o n s  by E, Mi l ford) .  
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J u s t  as  an  i l l u s t r a t i o n  we may c o n s i d e r  f i v e  r ed  g i a n t  

s t a r s  which show ve ry  d i f f e r e n t  composi t ion.  

r a t i o  of i ron  t o  hydrogen (N 

t h e  e p rocess ) :  t h e  r a t i o s  of Ba-La-Ce-Nd t o  Fe, (N/NFe, r e l a t e d  

t o  t h e  a c t i v i t y  of t h e  s process)  and t h e  r a t i o s  of C and 0 t o  

Fe,  (poss ib ly  r e l a t e d  t o  t h e  moment of occurrence of t h e  

s process )  a r e  given.  The solar  abundances a r e  used a s  a 

s t anda rd .  

I n  t h e  table  t h e  

, r e l a t e d  t o  t h e  a c t i v i t y  of FelN4 

Sun 

ID122563 

HD165195 

HD201626 

HD26 

8 V i r g i n i s  

1 1 1 1 

- - 0.01 0.02 

- 0.01 - - 1  - 
0.03 15  5 < 1.6 

0.2 15 5 < 0.5 

1 1 1 1 

The ques t ion  of  whether evolved mater ia l  can be brought  t o  t h e  

s u r f a c e  o f  a s t a r  dur ing  i t s  q u i e t  l i f e t i m e  i s  by n o  means 

s e t t l e d .  In  t h i s  d i s c u s s i o n  we  s h a l l  na ive ly  assume t h a t  such 

t r a n s p o r t  t akes  p l a c e  a t  l e a s t  i n  red g i a n t s .  T h i s  assumption 
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App. C - page 2 

. is  n o t  very  important .  A s i m i l a r  d i scuss ion  could be made on t h e  

c o n t e n t  of t h e  i n t e r s t e l l a r  gas  f r o m  which t h e s e  stars w e r e  m a d e  

i f  t h e  t r a n s p o r t  assumption is wrong {or crude) .  

The ra t io  of N /N is  thought  to  be r e l a t e d  t o  the age of 
Fe H 

t h e  star. The t w o  first s t a r s  (apparent ly  very o l d )  a r e  q u i t e  

s i m i l a r  i n  many abundances ( n o t  quoted here) except  for  t h e i r  s 

process  abundance. This  may reflect t h e  fact  t h a t  as shown 

above, neutron processes  are n o t  an automatic  consequence of 

helium s t a g e  (and of more advanced s t a g e s )  b u t  depend amongst 

other t h i n g s  upon the s t e l l a r  masses. 

p r e s e n t  evidence of i n t e n s e  neutron a c t i v i t y  ( inc rease  i n  t he  

s process  e lements ) .  The enhancement of C wi thout  enhancement 0 

sugges t s  t h a t  t h e  process  took p lace  i n  t h e  e a r l y  days of helium 

burning,  p o s s i b l y  f r o m  proton admixture o r  f r o m  N14 burning a t  

The t w o  fol lowing s t a r s  

h igh  temperature  i n  the peak of t h e  helium f l a s h .  

F i n a l l y  6 V i r g i n i s  is given as an  example of 'Jnormal" red 

g i a n t s ,  i n  many ways s i m i l a r  to  t h e  sun. 

L e t  it be emphasized t h a t  these ana lyses  (and others i n  t he  

t e x t )  are very  pre l iminary  and serve most ly  a s  i l l u s t r a t i o n s .  
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T a r g e t  

C12 
$3 

016 
017 
O I 8  

N e 2 1  

N14 
N I 5  

F19 
Ne2’ 

22  N e  
Na23 

Mg26 
z 2  6 

si28 
si2 

30 S i  
P31 
s32 
s33 

s36 

w;; 

c1 s345 

A3 

APPENDIX D 

Table of Q Values for Various React ions  

(P, Y )  

1.943 
7.549 
7.291 

12.125 
0.598 
5.597 
7 . 992 

12.844 
2.454 
6.743 
8.790 

11.693 
2.287 
6.301 
8.272 
7 . 4 7 1  

11 . 581 
2.735 
5 . 585 
7.286 
8.863 
2.285 
5.218 
6.367 
8.506 
8.402 
1.890 

Q Values MeV 

-7.557 
-4 . 064 
-2 . 922 

4 . 964 
-5.218 

1.193 
3.980 
8.114 

-4.132 
-1.750 
-1.675 

2.379 
-6.859 
-3.142 
-1.826 
-1.871 

1.594 
-7.700 
-4.832 
-2 . 378 

1.917 
-4.211 
-1.526 
-0.631 

1.865 
0.544 

-4.355 

-18.390 
-3 , 004 
-5.931 
-3 . 543 

-3 0 544 
-2.450 
-4.031 

-16.100 
-4,305 
-3 . 624 
-4.842 

-14.800 
.-5.044 
-4.797 

-5.598 
-14.580 

-5.743 
-5.030 
-6 . 218 

-13.780 
-6.358 
-6.203 
-6.763 
-1.920 

-- 

L- 

-- 

(a, Y )  

7.161 
6.357 
4.404 
4 . 012 
4.730 
7 . 347 
9.667 

10.465 
9.314 
9.885 

10.616 
10.098 

9.986 
11.133 
10.650 
10.417 

9.664 
6.946 
7 .111  
7.917 
6 . 998 
6.641 
6.792 
7.213 
7.213 
6 . 809 
7.044 

(a, n)  

-8.507 
2.214 

-4.737 
-6.430 

-12.145 
0.588 

-0.700 
-1.949 
-7.221 

2.555 
-0.482 
-2.971 
-7.193 

2.655 
0.036 

-0.910 
-2.652 
-8.135 
-1.532 
-3 . 504 
-5.572 
-8.628 
-2.002 
-4.629 
-5.866 
-3.066 
-8.685 
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F i q u r e  1. I s o - i n t e n s i t y  curves for  emission of n e u t r i n o s  i n  
t h e  p-T p lane .  The label o n  each  curve i d e n t i f i e s  t he  
energy  y i e l d  i n  erg/gm/sec along t h a t  l i n e .  Three processes 
a r e  considered:  plasma neu t r inos ,  photoneut r inos ,  pa i r  
a n n i h i l a t i o n  neu t r inos .  The dashed parts of the curves  
reflect the  fac t  t h a t  photoneutr ino rates i n  degenera te  
matter have n o t  y e t  been  properly computed. 
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Fiqure  2. D e n s i t i e s  and temperatures  i n  hydrogen-burning core 
and s h e l l s  for s t a r s  of 1.09, 4 and 15.6 s o l a r  masses The 
numbers on t h e  curves  i d e n t i f y  t h e  l e n g t h  of t i m e  elapsed 
s i n c e  t h e  beginning of t h e  hydrogen-burning phase and, 
f u r t h e r  o u t  on t h e  c u r v e s  t h e  l e n g t h  of t i m e  s i n c e  t h e  
o n s e t  of t h e  hydrogen burning s h e l l .  The r e s u l t s  a r e  f r o m  
Hayashi e t  a 1  (1962). 
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F i g u r e  2 .  
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Fiqure 3 .  Rates of various nuclear reactions of importance 
during the helium burning phase. 
factors are not included here. This effect  w i l l  be 
important mostly during the period preceding the nitrogen- 
helium f l a s h  i n  s m a l l  stars. 

The electron screening 
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F i q u r e  4. Behaviour of var ious  q u a n t i t i e s  du r ing  t h e  pre- 
The c a l c u l a t i o n s  helium f l a s h  period of a l .&Mo s tar .  

have been made using a sequence of madel by Schwarzschild 
e t  a 1  (1962). L/M i s  the mean energy gene ra t ion  ra te  for 
t h e  whole s t a r  (mostly from t h e  hydrogen burn ing  s h e l l ) .  

( g r a v i t a t i o n )  is t h e  energy  gene ra t ion  ra te  fmm Lcore&ore 
t h e  c o n t r a c t i o n  of t h e  helium c o r e ,  EV(core) i s  t h e  r a t e  of 
n e u t r i n o  d i s s i p a t i o n  by plasma n e u t r i n o  processes. 
i s  t h e  n u c l e a r  energy r e l eased  by t h e  3He4 - C1* burning. 
8 t h e  energy . f r o m  t h e  C13 (He4, n)OI6 r e a c t i o n  assuming 
X 1 3 ' =  10-4(Pop I s t a r ) .  €14 t h e  energy f r o m  t h e  N 1 4 ( H e 4 ,  y)F1* 

(Pop I1 s t a r ) .  The effect of t h e s e  t w o  l a s t  n u c l e a r  r e a c t i o n s  
on t h e  sequence of models have been neg lec t ed .  (Ca lcu la t ion  
by A. Liebman) 

- 
C12 core 

- 
- 

( e  l3 ,v )018 assuming x i 4  = 1 0 - 2 ( ~ o p  I s t a r )  or ~ 1 4  = 10-3 
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Fiqure 5. Energy diss ipat ion rate f r o m  plasma neutrinos i n  
erg/gm/sec as a function of T8 (as a parameter) and 
log p (as the asc i s sa ) ,  

- 77 - 



Figure  5 .  
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Fiqure  6. Dens i t i e s  and temperatures i n  helium-burning core 
and shells and carbon-burning core for s tars  of 0 . 7 ,  4 and 
15.6 Mg. 
weight of helium l e f t  i n  t h e  core. The c a l c u l a t i o n s  p e r t a i n -  
i n g  t o  t h e  carbon-burning phase do no t  take i n t o  account t h e  
effect of n e u t r i n o  d i s s i p a t i o n  processes. The r e s u l t s  are 
from t h e  w o r k  of Hayashi et  a1 (1962). 

The numbers on t h e  curves  i d e n t i f y  t he  f r a c t i o n a l  
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Fiqure  7 e Iso-abundance curves  desc r ib ing  i s o t o p i c  outcome of 
helium burning processes  a s  a f u n c t i o n  of ( f ixed )  d e n s i t y  
and temperature.  Except f o r  Neon,only the m o s t  important  
species is mentioned a t  any p o i n t  of t h e  p-T plane.  The 
c a p t i o n  e,g, C l2 >SO% i n  a given reg ion  means that i n  t h e  
phys ica l  cond i t ions  pe t a i n i n g  t o  t h a t  reg ion  the 
f r a c t i o n a l  weight of Cf2 is  m o r e  t han  50% (but less than  80%). 
The rates used i n  t h i s  f i g u r e  d i f f e r e d  s l i g h t l y  f r o m  t h e  
rates quoted i n  the t e x t .  
to  go t o  about  20% i n  t h e  region where Ne20  2 10% is quoted. 
Everywhere else t h e  abundance of Ne20 is a t  best a f e w  
pe rcen t  . 

Present  rates would a l l o w  Ne20 
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Fiqure 8 . Iso-abundance curves describing the i sotopic  outcome 
of the helium burning phase as  a function of s t e l l a r  m a s s e s .  
(Salpeter and Deinzer (1964) :pure helium s t a r s ) .  Three 
cumes  are given for C 1 2  and 016, representing the choice 
of 0.1,  0.4 and 1.0 for the value of the parameter 0; 
(see text) .  
independent of the choice of . 

The values of Ne20 and Mg24 are pract ica l ly  
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Fiqure 9.  Energy diss ipation by pair  annihilation neutrinos 
i n  erg/gr/sec. 
en gm/cm3. 

The a l sc i s sa  is T and the parameter log p 
0 
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F i g u r e  9. 
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Fiqure  10. Carbon-burning s t age  curves.  The "first model" 
l i n e  describes t h e  c e n t r a l  s tellar c o n d i t i o n s  where the 
nuc lea r  energy genera t ion  rate ( f r o m  ~ 1 2  + ~ 1 2 )  e q u a l s  
t h e  n e u t r i n o  energy d i s s i p a t i o n  rate i n  t h e  center of t h e  
star. The "co r rec t ed  model" curve described t h e  c e n t r a l  
s tellar c o n d i t i o n s  when the t o t a l  (volume i n t e g r a t e d )  
n u c l e a r  energy genera t ion  rate equals the total  n e u t r i n o  
energy d i s s i p a t i o n  rate (assuming an n = 3 - p o l y t r o p i c  
m o d e l ) .  
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Fisure 11. L i f e t i m e  and energy generation rate of the carbon 
burning stage as a function of the central  temperature 
using the values given i n  Figure 10 and described i n  the 
text . 
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Figure 11. 
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Fiqure 12. Oxygen and neon-burning stage curves. The model 
i s  described i n  the t e x t  and in the caption of Figure 10, 
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Fiqure  13 .  Graph of C(2.t,+1)gi2/gi2 as  a func ion of y 

(see eqn. A3) - The graph is val id  for ylY2> 4 ,  and when 
the  re la t ive  energy is  less than one-half of the Coulomb 
barrier energy (B = Z1Z2e2/R). 
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Fiqure  14. Values of the parameters S and g (see App.  A) a s  a 
func t ion  of t h e  ta rge t  nucleus for  (a,y) r e a c t i o n s  The 
p o i n t s  refer t o  t h e  r e s u l t s  of op t ica l  model c a l c u l a t i o n ,  
t o  the matching formula eqns. (A5) and ( A 7 ) ,  and for Ne2' (a, y) 
and Mg24 (a, y )  t o  a de te rmina t ion  of t h e  s t r e n u t h  func t ion  
f r o m  t h e  l e v e l  scheme of t h e  compound nucleus.  (Ca lcu la t ions  
by A. W e i s w a s s e r )  
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28 Fiqure  15. R a t e  of Mg24 (a, y ) S i  
The sum over  i n d i v i d u a l  resonances (--) is expected t o  be 
best i n  t h e  range from Below and above t h i s  
range unanalyzed resonances are expected t o  p lay  a role 
hence t o  i n c r e a s e  t h e  rate, 
is b e s t  i n  t h e  range T8 = 3 to  about  10. 
t h e  randomness i n  t h e  p o s i t i o n  of t h e  l e v e l s  makes of it an 
upper l i m i t ,  
l a r g e r  t han  Ty makes aga in  of it an upper l i m i t ,  ( the o p t i c a l  
model y i e l d s  only  t h e  t o t a l  cap tu re  r a t e ) ,  The in t e rmed ia t e  
curve  i n  t h e  h ighe r  temperature range i s  based on t h e  exper i -  
mental  gamma s t r e n g t h  funct ion.  It  should be best t h e r e .  

6 < T8 < 10. 

The curve c a l l e d  o p t i c a l  m o d e l ( - . -  
Below t h i s  temperature  

Above t h i s  temperature  t h e  fact t h a t  Ta b e c o m e s  

Y 

- 97 - 



0 

+ 
0 

I - 
0 

t 1 

I i I 

:/ 

c 

1 

J c 



, 

1 

c 

12 Fiqure 16, The C12 + C t o t a l  reaction rate .  
me ( 0 - 0 -  ) curve represents the experimental re su l t s .  
The s o l i d  curve i s  the resu l t  of the opt i ca l  model, 
dashed curve (merging i n  the s o l i d  curve a t  low energyl i s  
obtained f r o m  the f i t t i n g  equation no 

The 
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F i g u r e  15. 
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Fiqure  17. Rate of the Na23(p,u)Ne 20 , 

The dashed l i n e  ( ---) is t h e  sum of i n d i v i d u a l  rates. 
It should be correct i n  t he  range T8 < 10. 
resonances make of it a lower l i m i t  a t  h i g h e r  temperature .  
The d o t t e d  l i n e  ( . - .  ) has been ob ta ined  wi th  t h e  equi-  
v a l e n t  of a s t r e n g t h  funct ion.  It ove res t ima tes  the rate 
a t  T8 
(Calcu la t ion  by Jay  Hauben) 

Missed 

> 15. There a best choice rate is quoted (-1. 
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